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^^~ ' Abstract. This paper is concerned with a result of homogenization of an integro-differential equation 

describing dislocation dynamics. Our model involves both an anisotropic Levy operator of order 1 and 

^^ , a potential depending periodically on u/e. The limit equation is a non-local Hamilton-Jacobi equation, 

which is an effective plastic law for densities of dislocations moving in a single slip plane. In dimension 
1, wc arc able to characterize the Hamiltonian of the limit equation close to the origin, recovering a 
property known in physics as the Orowan's law. 
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1. Introduction 



< 

"ti ' In this paper we are interested in homogenization of the Peierls-Nabarro model, which is a phase field 

model describing dislocations. This model leads to a non-local time dependent PDE with a first order 
Levy operator. After a proper rescaling, a macroscopic model describing the evolution of a density of 
dislocations is obtained. 

For a physical introduction to the Peierls-Nabarro model, see for instance [23] ; for a recent reference, 
see [13] ; we also refer the reader to the paper of Nabarro [35] which presents an historical tour on the 
Peierls-Nabarro model. 



^SJ ' 1.1. Setting of the problem. We investigate the limit as e — > of the viscosity solution u'^ of the 

following integro-differential equation (which is an evolution equation associated to the classical Peierls- 
(^ • Nabarro model that has for instance been considered in [36] (see also [13] for a similar model)): 

O ! r 

^ ■ ' U'(0,x) = uq{x) on M^, 



j^ ■ where Ii is an anisotropic Levy operator of order 1, defined on bounded C^- functions for r > by 



(1.2) ''^'^ 



Xi[C/](x) = / {U{x + z)~ U{x) - VU{x) ■ z)-^g (■ 

J\z\<r \Z\ ^ \ 



dz 

z\ ■ 



(C/(x- + z)-C/(x))^-gf^)dz, 



where the function g satisfies 

(HI) 5GC(S^-^),5>0,5even. 

On the functions W ^ a and uo we assume: 

(H2) W e C^'^{R) and W{v + 1) = W{v) for any v eR; 

(H3) a e C°'HIK^ X K^) and a{t -t- l,a;) = a{t,x), a{t,x + k) = a(t,x) for any fc G Z^ and {t,x) G 

R+ X M^; 
(H4) uo G W^^°°(R^). 



When g = Cn, with Cjv a suitable constant depending on the dimension N, then (|1.2p is the integral 
representation of —(—A) 2 for bounded real smooth functions defined on M.^ (see Theorem 1 in [26]). We 
recall that (—A) 2 is the fractional operator defined for instance on the Schwartz class 5'(R^) by 

(1-3) {^v iO - lei v{0, 

where w is the Fourier transform of w. 

We prove that the limit u^ of w*^ as e ^ exists and is the unique solution of the homogenized problem 



\dtu = H{V^u,lMtr)]) in »+ x 
\u{0,x) ^uoix) on K^, 

for some continuous function H usually called effective Hamiltonian. 



1.2. Main results. As usual in periodic homogenization, the limit equation is determined by a cell 
problem. In our case, such a problem is for any p G M^ and i G R the following: 



X + drV= Ii [v{t, ■)] + L - W (v + Xt + p ■ y) + a{T, y) in 
v{0,y) = on 



where A = X{p, L) is the unique number for which there exists a solution of (jl.Sp which is bounded on 
]R+ X K^ . In order to solve (|1.5p , we show for any p g M^ and L £ K the existence of a unique solution 
of 

jdrW=Ii[w{T,-)]+L-W'{w+p-y)+a{T,y) in R+ x R^ 
^ ■ ' \w{0,y) =0 on R^, 

and we look for some A G R for which w — At is bounded. Precisely we have: 

Theorem 1.1 (Ergodicity). Assume (H1)-(H4). For L G R and p G R^, there exists a unique viscosity 
solution w G Cb(R''' x R-'^) of p.6p and there exists a unique A G R such that w satisfies: ^"^^'^-^ converges 
towards A as t — > +00, locally uniformly in y. The real number X is denoted by H{p,L). The function 
H{p, L) is continuous on M.^ x R and non- decreasing in L. 

Unfortunately, we cannot directly use the bounded solution of (|1.5p . usually called corrector, in order 
to prove the convergence of the sequence u'^ to the solution of p.4p . Nevertheless we have the following 
result: 

Theorem 1.2 (Convergence). Assume (H1)-(H4-). The solution u"^ of (jl.ip converges towards the solu- 
tion u^ of (|1.4p locally uniformly in (i,x), where H is defined in Theorem \l.l\ 

The effective Hamiltonian, defined by the cell problem, is usually unknown. We are able to characterize 
it close to the origin, in dimension iV = 1, whenXi is the half-Laplacian (i.e. g = I/tt) and a = 0, assuming 
moreover the following properties on the potential W: 

' W G C"'''3(R) for some < /? < 1 

W{v + 1) = W{v) for any u G R 

(1.7) lw = Q onZ 

W^ > on R \ Z 
a = W"{{f) >0. 

Under assumption (|1.7p . it is in particular known (see Cabre and Sola- Morales [5]) that there exists a 
unique function solution of 

{Ii[(l)] = W'{(j)) in R 

lim2;_j_oo 4>{x) = 0, limj-^+oo 4>{x) = 1, (/'(O) = \ 
0' > in R. 

Indeed, in this special case we have 



Theorem 1.3 (Orowan's law). Assume (jl.7p . N =^ 1, g = 1/tt, ct = and let po, Lq G M. Then the 
function H defined in Theorem \1.1\ satisfies 

(1.9) Ei^PlL^M ^ co\po\Lo as 6^0+ wtth co ^ Hiq^'f 

This resuh is obtained by a fine comparison of the correctors of the cell problem to explicit solutions, 
using the phase transition with some suitable corrections. Property p.9p is known in physics as the 
Orowan's law (see for instance |42] or p. 3739 in [40|). This law states that the plastic strain velocity 
is proportional to the product of the dislocation density \po\ by the effective stress Lq. It is interesting 
to relate this result to other recent results. To this end, let us consider the following equation (which is 
equation (jl.ip with A'^ = 1, £ = 1 and a constant prefactor 6 in front of a): 

dtu= Ii[u{t, ■)]-]¥' (u) +6 -ait, x) in K+ x M 

Let us set 

„.e,5'- ^ l" t X 



In the present paper, we consider first the homogenization problem as e — ?■ 0, and in a second step look 
at the Orowan's law when (5—5-0 (only when a = and N = 1). The inverse procedure has also been 
studied. In [55], the authors consider first the limit S ^>- in dimension A^ = 1 (for general a), and in 
[16] . the authors consider the second step, i.e. the limit e — > (again for general a). Choosing again 
(T = in the limit model, they also recover the Orowan's law in this special case (sec Theorem 2.6 (1.) 
in [H]). 

1.3. Strategy for proof of the homogenization result. This non-local equation (jl.ip is related to 
the local equation 



(1.10) 



ajM^ = F(f,if,VM^) in R+xM^ 
u"(0,a;) = uo(x) on M^, 



that the first author studied in |31| under the assumption that F{x, u,p) is periodic in [x, u) and coercive 
in p. The homogenization problem (jl.lOp when F does not depend on u, has been completely solved 
by Lions Papanicolaou and Varadhan |35j . After this seminal paper, homogenization of Hamilton- Jacobi 
equations for coercive Hamiltonians has been treated for a wider class of periodic situations, c.f. Ishii [55] . 
for problems set on bounded domains, c.f. Alvarez [1], Horie and Ishii [24], for equations with different 
structures, c.f. Alvarez and Ishii [3], for deterministic control problems in L°°, c.f. Alvarez and Barron 
[5], for almost periodic Hamiltonians, c.f. Ishii |5S], and for Hamiltonians with stochastic dependence, c.f. 
Souganidis |41j . More recently, inspired by [31j , Barles [S] gave an homogenization result for non-coercive 
Hamiltonians and, as a by-product, obtained a simpler proof of the results |31j of Imbert and Monneau 
but under slightly more restrictive assumptions on the Hamiltonians. Finally, Imbert, Monneau and 
Rouy [35] studied homogenization of certain integro-differential equations depending explicitly on u'/e. 
To overcome the additional difficulty raised by the dependence of F on the oscillating variable u'^/e, 
and solve the homogenization problem ([l.lOp . the authors in [31] imbed the original equations in a higher 
dimensional space and introduce twisted correctors. Here we have to face a similar difficulty in the much 
more involved framework of non-local equations and it does not seem possible to apply the approach of 
Barles |6]. Therefore following the idea in [31], we consider the solution C/^ of 



(1.11) 



{dtU'^Ii[U'{tr,XN+i)]-W'{^)+a{l,^) in R+xR^+^ 
\^U''{0,x,XN+i) =uo{x) +PN+IXN+1 on ]R"+\ 

where pn+i =/= 0. We then consider the following ansatz: 

TTer. -, rrO/, ^ , ,r(^^ U°{t, X, Xn+i) - >^t - p ■ x\ 

U {t,x,XN+i) ^ U''(t,x,XN+i) + eV -,-, 

\e e epN+i J 

where U'^{t,x,XN-]-i) = u'^{t,x) +pAr+iX7v+i. This ansatz turns out to be the good one, and plugging 
this expression of C/' into ()l.lip . we find formally with t = -, y = -, yN+i ~ — ,a:,a;iv+i)- — ^£;£. 

(1.12) A + 9,y = L + Xi[l/(r, •, j/w+i)] - W{V + p ■ y+pN+iVN+i + Ar) + a(r, y). 



where 

A = dtU'^it, X, XN+i) = dtu°it, x), p^ V,C/°(i, x, xn+i) = V,M°(i, x) 
and 

L=Il[(7°(t,-,XAr+i)]=Zi[tl"(t,.)]. 

This heuristic computation, that permits first of all to identify the cell problem in the higher dimensional 
space, can be made rigorous through the perturbed test function method by Evans |15j . We will prove in 
Section|3]the convergence of the functions [/"^(t, x, xn+i) to u^{t, x) +ppf^iXN+i, where u^ is the solution 
of ()1.4p and, as a consequence we get the proof of Theorem 11.21 In the proof of convergence, in order 
to control the error terms in the equations, we will need correctors in the higher dimensional space, i.e. 
bounded solutions of (J1.12p in 1R+ x R^+^, of class C^'" with respect to the additional variable i/n+i- 
Since in (|1.12p . the quantity Ii[V{t, •,yAr_|_i)] is computed only in the y variable, we cannot expect this 
kind of regularity for the correctors. Nevertheless, we are able to construct regular approximated sub and 
supercorrectors, i.e., sub and supersolutions of approximate N + 1-dimensional cell problems, and this is 
enough to conclude. Recall that in |31j . the regular approximate correctors where obtained using a kind 
of truncation of the Hamiltonian. This is no longer possible to apply this method here because of the 
problem is non local, and we had to introduce a different method to build such approximate correctors. 
Finally, this construction works for any pn+i 7^ and to simplify the presentation we take pn+i = 1- 



1.4. Strategy for proof of the Orowan's law. Let us call p the space derivative of it". Remark that if 
p 7^ 0, we do not need to increase the dimension in the proof of homogenization. Precisely, let us consider 
the case A^ = 1. Then a good ansatz is the following 

/ ox ./ X n. X ft u°(t,x)-Xt\ , fu°(t,x) 

(1.13) u'it, x) ~ w°(i, x)+evi-, ^ ' ^ ) "" *^^ ( 

where 

(1.14) Xt + py + v{T,y) ~: h{XT + py) 

and w is a corrector solution of (jl.5[) (without the initial conditions) . Here the function h is usually called 
the hull function. For the precise definition of such a function we refer to |17| and references therein. 

We will not prove the existence of the hull function, we just provide an ansatz of it, h, for small values 
of p and L, and letting A — co\p\L. We set (at least formally) 



/i(x) = - ' "^ 
a 

2 — — 00 






1 



\P\ J 2 



cqL ^ Vi 

i— — 00 



with ■01 solution of 

Zl[V'l] - W"{(l})^pl = 0' + T](W"{(l3) - W"{0)) with 7? = 



bl 



We will show that ft, is a good ansatz for p, L small, and then will deduce ()1.9p after delicate comparisons. 

1.5. Organization of the paper. The paper is organized as follows. In Section[21 we give more details 
about the Peierls-Nabarro model yielding to the study of ()l.ip and the mechanical interpretation of the 
homogenization results. In Section [31 we state various comparison principles, existence and regularity 
results for solutions of non-local Hamilton- Jacobi equations. In Section|31 we prove the convergence result 
(Theorem II. 2p by assuming the existence of smooth approximate sub and supercorrectors (Proposition 
14. 4p . In order to show their existence, in Section [51 we first construct Lipschitz continuous sub and 
supercorrectors (Proposition 15.1]) . As a byproduct, we prove the ergodicity of the problem (Theorem 
II. ip and some properties of the effective Hamiltonian (Proposition 14. 3p . Proposition 14.41 is then proved 
in Section [HI Section [7] is devoted to the proof of the Orowan's law (Theorem 1 1.3p . Finally, we put in an 
appendix (Section [5]) the proofs of some technical results that we use in Section [71 



1.6. Notations. Wc denote by _B,.(.t) the ball of radius r centered at cc. The cylinder (i — T,t + T) x i?r(a;) 
is denoted by Qr.rl^, a^)- 

[zj and [x] denote respectively the floor and the ceil integer parts of a real number x. 

It is convenient to introduce the singular measure defined on ]R^ \ {0} by 

and to denote 

ll'^'P, x]^ f iU{x + z)- U{x) - \7U{x) ■ z)pi{dz), 

J \z\ <r 

ll'''[U,x\ = I {U{x + z)- U{x))n{dz). 

J\z\>r 

Sometimes when r = 1 we will omit r and we will write simply X| and I^ . 

For a function u defined on (0,T) x M^, < T < +oo, for < a < 1 we denote by < u >" the 

seminorm defined by 

\u{t,x) -u{t,x')\ 
< u >":= sup 1 _ ,,„ 

and by C"((0,T) x R^) the space of continuous functions defined on (0,T) x K^ that arc bounded and 
with bounded seminorm < u >". 

Finally, we denote by f/S'Cb(R+ x M^) (resp., LSCb{R+ x K^)) the set of upper (resp., lower) 
semicontinuous functions on R+ x M.^ which are bounded on (0, T) x M^ for any T > and we set 

Cb{R+ X R^) := USCbiM+ X M^) n L5C6(K+ x R^). 

2. Physical modeling and mechanical interpretation of the homogenization results 

2.1. The Peierls-Nabarro model. Dislocations are line defects in crystals. Their typical length is of 
the order of lO^^m and their thickness of order of 10~^m. When the material is submitted to shear stress, 
these lines can move in the crystallographic planes and their dynamics is one of the main explanation of 
the plastic behavior of metals. 

The Peierls-Nabarro model is a phase field model for dislocation dynamics incorporating atomic fea- 
tures into continuum framework. In a phase field approach, the dislocations are represented by transition 
of a continuous field. 

We bricfiy review the model (see [13] for a detailed presentation). As an example, consider an edge 
dislocation in a crystal with simple cubic lattice. In a Cartesian system of coordinates x\Xix-i^ we assume 
that the dislocation is located in the slip plane x\X2 (where the dislocation can move) and that the 
Burgers' vector (i.e. a fixed vector associated to the dislocation) is in the direction of the x\ axis. We 
write this Burgers' vector as he\ for a real h. The disregistry of the upper half crystal [x-i > 0} relative to 
the lower half {2:3 < 0} in the direction of the Burgers' vector is (f>{xi,X2), where is a phase parameter 
between and b. Then the dislocation loop can be for instance localized by the level set (j) = 6/2. For a 
closed loop, we expect to have (/> ~ 6 inside the loop and (/i ~ far outside the loop. 

In the Peierls-Nabarro model, the total energy is given by 

(2.1) S = r^ +£""■''. 

In (12. ip , £™*'' is the so called misfit energy due to the nonlinear atomic interaction across the slip plane 

£""'{(t>)= f W{(l)ix)) dx with x = {xi,X2), 



where ]¥{(/)) is the interplanar potential. In the classical Peierls-Nabarro model [311 [37] j W^(0) is approx- 
imated by the sinusoidal potential 

^ri-cos^^^ 



where d is the lattice spacing perpendicular to the slip plane. 



The elastic energy S^^ induced by the dislocation is (for X = {x^x^) with x ~ (xi,X2)) 
(2.2) 

r e(C/) = i(VC/+(VC/n 
8^\(j),U)^- e:K:edX with e = e{U) - <^(x)(5o(a;3)e° and <^ 

^•^K' i eO = i(ei(8e3 + e3®ei) 

where [/ : K'^ — > M^ is the displacement and A — {Kijki} arc the clastic coefficients. 

Given the field 0, wc minimize the energy E"^^ {(j), U) with respect to the displacement U and define 

S^^cj)) =infr-' (<?!),[/) 
Following the proof of Proposition 6.1 (iii) in [3], we can see that (at least formally) 

where cq is a certain kernel. In the case of isotropic elasticity, wc have 

Ajjfe/ = X5.ij5m + ^ {5.ik5ji + (Si/(5jfc) 

where A,/^ arc the Lame coefficients. Then the kernel cq can be written (see Proposition 6.2 in [3], 
translated in our framework): 

cq{x) = —— 022 -j — T + 70117 — r With 7 = aud V 



47r V kl |2;|/ 1-!^ 2(A + /i) 

where z/ G (—1, 1/2) is called the Poisson ratio. 

The equilibrium configuration of straight dislocations is obtained by minimizing the total energy with 
respect to 0, under the constraint that far from the dislocation core, the function <j) tends to in one 
half plane and to h in the other half plane. In particular, the phase transition (p is then solution of the 
following equation 

(2.3) Ii[(f)]=W'{(j)) onR^ 

where formally Xi [0] — cq -k cj), which is the anisotropic Levy operator defined in (jl.2[) for N ^ 2 and 
g{zi,Z2) — j^ ((27 — l)zf + (2 — 7)^1). Let us now recall the expression of the kernel after a Fourier 
transform (see paragraph 6.2.2.2 in [3]) 

c'o(0 = -^(el+7a 

Then for 7 = 1 and /i = 2, we see that Ii = — (— A)^ . In that special case, we recall that the solution cj) 
of (|2.3p satisfies (/)(a:) = (/)(x, 0) where (f>{X) is the solution of (see [Mll^ ) 

A0 = in {2:3 > 0} 

|i = W'i^) on {X3 - 0} 

I. dX3 

Moreover, we have in particular an explicit solution for 6 = 1, d = 2 (with W'{(t>) ~ ^ sin(27r0)) 

(p[X) = - H — arctan 



2 TT \X3 + 1, 

Then by rescaling, it is easy to check that we can recover the explicit solution found in Nabarro [37] 



(2.4) 



I I \ b b f^i^ ^ '^)Xl \ , , ,. , . ^ 

(pix) = — I — arctan (edge dislocation) 

2 TT \ a ' 

b b /2.T2\ 

(p[xj = - H — arctan —— (screw dislocation) 

2 TT \ a J 



In a more general model, one can consider a potential W satisfying 

(i) W{v + b) = W{u) for ah v^M.; 
(n) wlbZ) = < W{a) for all a G M \ 6Z. 



The periodicity of W reflects the periodicity of the crystal, while the niinimuni property is consistent 
with the fact that the perfect crystal is assumed to minimize the energy. 

In the face cubic structured (FCC) observed in many metals and alloys, dislocations move at low 
temperature on the slip plane. In the present paper we are interested in describing the effective dynamics 
for a collection of dislocations curves with the same Burgers' vector and all contained in a single slip 
plane xia;2, and moving in a landscape with periodic obstacles (that can be for instance precipitates 
in the material). These dislocations are represented by a single phase parameter u(t, xi,X2) defined 
on the slip plane a;ia;2. The dynamic of dislocations is then described by the evolutive version of the 
Peierls-Nabarro model: 

(2.5) dtu = Xi [u{t, ■)] - W' {u) + alf {t, x) in M+ x M^ 

for X e M^ with the physical dimension N = 2. In the model, the component ai""^^ of the stress (evaluated 

on the slip plane) has been introduced to take into account the shear stress not created by the dislocations 

themselves. This shear stress is created by the presence of the periodic obstacles and the possible external 

applied stress on the material. 

We want to identify at large scale an evolution model for the dynamics of a density of dislocations. 

We consider the following rescaling 

, , ft x'' 

u (t,x) = eu [ -, 

where e is the ratio between the typical length scale for dislocation (of the order of the micrometer) and 
the typical macroscopic length scale in mechanics (milimeter or centimeter). With such a rescaling, we see 
that the number of dislocations is typically of the order of 1/e per unit of macroscopic scale. Moreover, 
assuming suitable initial data 

(2.6) u{0,x) = -uo{ex) on R^, 

(where uq is a regular bounded function), we see that the functions u' are solutions of (|l.ip . This 
indicates that at the limit e — >■ 0, we will recover a model for the dynamics of (renormalized) densities of 
dislocations. 

Remark 2.1. Fractional reaction-diffusion equations of the form 

(2.7) dtu = Zi [u] + f{u) in M+ x M^ 

where N > 2 and / is a bistable nonlinearity have been studied by Imbert and Souganidis [17]. In this 
paper the authors show that solutions of (|2.7p . after properly rescaling them, exhibit the limit evolution 
of an interface by (anisotropic) mean curvature motion. 

Other results have been obtained by Gonzalez and Monneau [121 ^'^^ ^ rescaling of the evolutive Peierls- 
Nabarro model in dimension A'^ = 1. In the one dimensional space, the limit moving interfaces are points 
particles interacting with forces as 1/x. The dynamics of these particles corresponds to the classical 
discrete dislocation dynamics, in the particular case of parallel straight edge dislocation lines in the same 
slip plane with the same Burgers' vector. In [16], considering another rescaling of the model of particles 
obtained in [l^, the authors identify at large scale an evolution model for the dynamics of a density 
of dislocations, that is analoguous to (|1.4p . In the present paper, we directly deduce the model (|1.4p 
at larger scale from the Peierls-Nabarro model at smaller scale in any dimension A'^ > 1. That way we 
remove the limitation to the dimension A^ = 1 that appears in [22j . 

Finally, let us mention that in [19] and [20] Garroni and Muller study a variational model for disloca- 
tions that is the variational formulation of the stationary Peierls-Nabarro equation, where they derive a 
line tension model. 

2.2. Mechanical interpretation of the homogenization. Let us briefly explain the meaning of the 
homogenization result. In the macroscopic model, the function vP{t^x) can be interpreted as the plastic 
strain (localized in the slip plane {x^ = 0}). Then the three-dimensional displacement t/(i, X) is obtained 
as a minimizer of the elastic energy 

t/(i,-)=argmin£:'='(w°(t,-),t/) 
u 



and the stress is 

cr = A : e with e ^ e{U) ~ u'^(t,x)5o{x3)e° 
Then the resolved shear stress is 

The homogenized equation (jl.4p . i.e. 

9tti" = i?(V,«",IiK(i,-)]) 

which is the evolution equation for u'^, can be interpreted as the plastic flow rule in a model for macroscopic 
crystal plasticity. This is the law giving the plastic strain velocity dfu'^ as a function of the resolved shear 
stress (713 and the dislocation density Vu". 

The typical example of such a plastic flow rule is the Orowan's law: 

H{p,t) ~ t\p\ 

This is also the law that we recover in dimension TV = 1 in Theorem 11.31 in the case where there are 
no obstacles (i.e. o-Jg*"' = 0) and for small stress r and small density \p\. When crJl'"' ^ 0, we expect a 
threshold phenomenon as in [32] (see also Norton's law with threshold in [H]), i.e. 

H{p,t) = if \t\ is small enough. 

This means more generally that our homogenization procedure describes correctly the mechanical be- 
haviour of the stress at large scales, but keeps the memory of the microstructure in the plastic law with 
possible threshold effects. 

3. Results about viscosity solutions for non-local equations 

The classical notion of viscosity solution can be adapted for Hamilton- Jacobi equations involving non- 
local operators, see for instance [5]- In this section wc state comparison principles, existence and regularity 
results for viscosity solutions of (jl.ip and p.4p . that will be used later in the proofs. 

3.1. Definition of viscosity solution. We first recall the definition of viscosity solution for a general 
first order non-local equation with associated an initial condition: 



jut^ F{t,x,u,Du,Ii[u]) in R+ x R^ 
|w(0,x) = uq{x) on R^, 

where F(t,x,u,p, L) is continuous and non-decreasing in L. 

Definition 3.1 (r-viscosity solution). A function u G f/S'Cb(R+ x R^) (resp., u G LSCb{R+ x R^)) is 
a r-viscosity suhsolution (resp., supersolution) of p.l|) if u{Q,x) < {uq)*(x) (resp., u{0,x) > {uo)^{x)) 
and for any (to, xq) G R^ x R^, any r G (0, to) o.'n-d any test function <j) G C^(]R^ x M.^) such that u — (p 
attains a local maximum (resp., minimum) at the point (to,a;o) on Q(T.r)(^07 2^0); then we have 

dt<p{to,xo) ~ F{to,xo,u{to,xo),\7x<Pito,xo),ll''^[cl)ito,-),xo] +l'^'''[u{to,-),xo]) < 
(resp., > 0). 

A function u G Cb(M+ x M.^) is a r-viscosity solution of (j3.ip if it is a r-viscosity sub and supersolution 

of dSH). 

It is classical that the maximum in the above definition can be supposed to be global and this will be 
used later. We have also the following property, see e.g. [S|: 

Proposition 3.1 (Equivalence of the definitions). Assume F{t, x, u,p, L) continuous and non- decreasing 
in L. Let r > and r' > 0. A function u G t/S'Cb(R+ x R^) (resp., u G LSCb{M.+ x R^); is a 
r-viscosity suhsolution (resp., supersolution) of (|3.ip if and only if it is a r' -viscosity suhsolution (resp., 
supersolution) of (|3.ip . 

Because of this proposition, if we do not need to emphasize r, we will omit it when calling viscosity 
sub and supersolutions. 



3.2. Comparison principle and existence results. In this subsection, we successively give compari- 
son principles and existence results for p. II) and (jl.41) . The following comparison theorem is shown in 
[55] for more general parabolic integro-PDEs. 

Proposition 3.2 (Comparison Principle for p.l|) ). Consider u G USCb(J^'^ x R^) suhsolution and 
V G L5C6(R+ X R^) supersolution of dUI]), then m < u on R+ x M^. 

Following [33] it can also be proved the comparison principle for (|l.ip in bounded domains. Since we 
deal with a non-local equation, we need to compare the sub and the supersolution everywhere outside 
the domain. 

Proposition 3.3 (Comparison Principle on bounded domains for (jl.ip ). Let ^ be a bounded domain of 
R+ X R^ and let u G USCb{^+ x R^) and v G LS'Cb(R+ x M^) he respectively a sub and a supersolution 
of 

in VL. If u < V outside fl, then u <v inQ. 

Proposition 3.4 (Existence for (jLip ). For e > there exists u^ G Cb(R^ x R^) (unique) viscosity 
solution of (jl.ip . Moreover, there exists a constant C > independent of e such that 

(3.2) \u'{t,x)~Uf){x)\<Ct. 

Proof. Adapting the argument of [25] . we can construct a solution by Perron's method if wc construct sub 
and supersolutions of p.ip . Since wq G VF^'°°, the two functions u^(t, x) := uo{x)±Ct are respectively a 
super and a subsolution of (jl.lD for any e > 0, if 

C > DN\\uoh,oo + WW'Woo + Moo, 

with Dn depending on the dimension N. By comparison we also get the estimate p.2p . D 

We next recall the comparison and the existence results for (|1.4p . 

Proposition 3.5 ([32], Proposition 3). Let H : R^ x R — !• R be continuous with H{p, ■) non- decreasing 
on R for any p e R'^ . If u e USCb{M.+ x R") and v G L5Ch(R+ x R") are respectively a sub and a 
supersolution of (|1.4p . then u < v on R+ x R-'^. Moreover there exists a (unique) viscosity solution of 

dEl. 

In the next sections, we will embed the problem in the higher dimensional space R+ x R^+^ by 
adding a new variable xjv+i in the equations. We will need the following proposition showing that 
sub and supersolutions of the higher dimensional problem are also sub and supersolutions of the lower 
dimensional one. This in particular implies that the comparison principle between sub and supersolutions 
remains true increasing the dimension. 

Proposition 3.6. Assume F{t,x,XN^i,U,p, L) continuous and non- decreasing in L. Suppose that U G 
LSCb{M.'^ X R-'^+-') (resp., U G [/5Cf,(R+ x R-'^^^) is a viscosity supersolution (resp., subsolution) of 

Ut^F{t,x,XN+i,U,D^U,Ii[U{t,-,XN+i)]) in R+ x R^+\ 

then, for any xjv+i G R, U is a viscosity supersolution (resp., subsolution) of 

Ut^F{t,x,XN+i,U,D^U,Ii[U{t,-,XN+i)]) in R+ x R^. 

Proof. We show the result for supersolutions. Fix x^^^ G R. Let us consider a point {to, xq) G R^ x R^ 
and a smooth function cp : R+ x R^ — s> R such that 

U{t,x,x%j^i) -(p{t,x) > U{to,xo,x%^i) -ip{tQ,xa) = for {t,x) G Qr^-ito^xo), 
with r = 1. We have to show that 

dt(p{to, xq) > F{tQ,xo, a;5/+i, C/(io, a^o, x%^;^),D,^ip{to, xo),ll [ifi{to, •), xo] 

+ l![U{to,-,x%+^),xo]). 

Without loss of generality, we can assume that the minimum is strict. For e > let (ys^ 
be defined by 

ipe{,t,x,XN+i) = v{t,x) \xN+i -a:?/+iP- 
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Let (ij, cCf, cc^^j^) be a miniinum point of C/ — (^e in Qr^r(to,xo,x'pf_f_i). Standard arguments show that 
{te,Xe,x%^^) -)■ (io,a;o,a;5V+i) as e -;► and that \im^^oU(t^,Xe,x%_^_j^) = U{to,xo,x%^^). In particular, 
(tg, XejX^ , j^) is internal to QT,rito,XQ,x'^,-^) for e small enough, then we get 

(3.3) dt(p{U,Xe) > F{t^, Xg, U{te,Xe,X%^^), Dxip{t^,Xe),ll[(p{te, •), Xj] + Ij [C/(i£, •, X^_^i), Xe]). 

By the Dominate Convergence Theorem lime_i.oIi ['p(ie, ■)-,Xf] = l^l[ip{tQ, ■),xq]; by the Fatou's Lemma 
and the convergence of U(t^, x^, s^at+i) to [/(io, a^o, x'N+l)^ we deduce that 

ll[U{t(i,-,x%+-^),xo] < liimnfIi[C/(fe,-, 2:^+1), a;^]. 

Then, passing to the limit in p.3p and using the continuity and monotonicity of F, we get the desired 
inequality. □ 

3.3. Holder regularity. In this subsection we state and prove a regularity result for sub and superso- 
lutions of semilincar non-local equations. 

Proposition 3.7 (Holder regularity). Assume (HI) and let gi, 52 G K. Suppose that u G C(]R+ x M.^) 
and bounded on M.^ x M.^ is a viscosity suhsolution of 



dfU ~ X\ [u(i, •)] + g\ in M+ x 
m(0,x) = on R^, 



and a viscosity supersolution of 



fN 



fN 



J dfU = Xi [u{t, •)] + p2 in M^ x 
|m(0,x) = on R^. 

Then, for any < a < 1, u S C"(M^ x R'^) with < u >"< C , where C depends on ||u||oo7 .9i 0''nd §2- 

Proof. Suppose by contradiction that u does not belong to C"(R+ x R^). Let m'^''^ and u^^^/ be 
respectively the double-parameters sup and inf convolution of u in R+ x M^, i.e. 

M'''(i,x)= sup (■"(s,y) - —Ix- 2/1^ - 75-7(^-5)^ ) , 

Uee'(i,x)= inf { u(s,y) + -—\x ~ y\ 4-7—7(^ — 5)' 

Then u'^''^ is semiconvex and is a subsolution of 

dtu"''' = Ii [w'''' (t, •)] + .91 in (ie' , +00) x R^ 
and Ue^e' is scmiconcave and is a supersolution of 

9tUe,e' =Ii[ue,,'(t, ■)] +92 in (ie',+00) X R^, 

where te' — ?> as e' — ?► 0, see e.g. Proposition III. 2 in [S]. Let us consider smooth functions V'i(i) and 
il)2{x) with bounded first and second derivatives such that ipill:,) — > +c>o as t ^ +00, ip2{x) -^ +00 
as |x| — 7> -l-oo and there exists Kq > such that |'02(a^)| '£ Kq{1 + \/\x\). Then, for any K > Q 
and e, e' and j3 small enough, the supremum of the function u'^''^ {t,xi) — u^^^i{t,X2) — 4'{t,xi,X2) on 
R+ X M^^, where (/)(i,xi, X2) = K\xi — X2I" +/?V'i(^) + Pi'2{xi), is positive and is attained at some point 
(I, xi, X2) G (i,', +00) X R2W^ with xi ^ X2 (because u ^ C^(R+ x R^) and u = at i = 0). Remark that 

,_ _ I ^ ,'2sup(j )gjj+xRiv \u{t,x)\ 
\xi -X2I < ' 



K 

In order to apply the Jensen's Lemma, see e.g. Lemma A. 3 of |12j . we have to transform (t,xi,X2) 
into a strict maximum point. To do so, we consider a smooth bounded function h : K+ -> R, with 
bounded derivatives, such that /i(0) = and h{s) > for s > and we set 6'(i,xi,.X2) = h{{t — 
Tf) + h{\xi — xip) -I- h{\x2 — ^2p)- Next we consider a smooth function x ■ ^'^ ~^ ^ such that 
x(x) = 1 if |x| < 1/2 and x{x) ~ for |x| > 1. Clearly (t,Xi,X2) is a strict maximum point of 
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it*^'*^ {t,xi) — Ue^e'(i,X2) — (f>{t, xi,X2) — 0{t, xi,X2) and by Jensen's Lemma, for every small and positive 
S there exist t^ e R, gf, ^2 G ^'^ with \t^\, |gf |, \q^\ < 5 such that the function 

(3.4) w''' {t,Xi) -Ue,e'it,X2) - K\xi - X2\°' -ipi{t,Xi) -ip2ix2), 

where 

^i(i, cci) = PMt) + PMxi) + h{{t - tf) + h{\xi - xiH + t^t + x{xi - xi)qf ■ xi, 

IP2{X2) = H\X2 -^2^) +X(2;2 -^2)'72 ' ^2, 

has a maximum at {t ,xi,X2) with \ts — t\, \xi —xi\, \x2 —X2\ < S and u"^'"^ {t,xi) — u^^^i{t,X2) is twice 
differentiable at (i*,a;^,X2). In particular u'"' is twice differentiable w.r.t. xi at (t , x*) and u^^^i is twice 
differentiable w.r.t. X2 at (i'^jXj). For (5 small enough, we can assume x\ ^ Xj. The fact that (i'',a;f jXj) 
is a maximum point implies that 

V^,u'^''{t\xi) = V,,</7i(t^ xi) + aX|4 - x^r-2(a;^ - x^), 

V,,u,,At\xi) = -V^,^2{xi) + aK\xl - xi\''-\xi - x^), 
and for any z G M^, r > 

u^■^'(i^ X? + z) - u'^''{t\ x{) - V.,X'"'it\ 4) ■ zIbA^) 

< U,y{t^,X^^ +Z)- U,^,,{t\xl) - V,,We,e'(t^X^) • zIbJz) 

+ ipiit\xi+z)-^i{t\xi)-V,,ipiit^,xi)-zlBAz) 

+ ip2{xi + z) - (P2{X2) - '^X2V2{xi) ■ z1b^{z), 

where Br = Br{0). The last inequality, in particular implies that 

(3.6) I^'-[u'■^'(i^•),2:f] <I^'"k.,,(t^•),2:^] +I^'■bl(i^•),2:f] +Xf^'-[^2,.T^]. 

Since (t^ ,x\,X2) is a maximum point, we have in addition 

u''''{t^,xf + z)-u''''{t\xi)-V^X'''it^,x{)-z 

(3.7) < ip,{t', xi+z)~ ^l(i^ xi) - v,,(pl(i^ x^) • z 

+ K\xi + z-xi\°'- K\xi - x^l" - aK\xl - x^|"-2(x^ - .t^) • z, 
and 

- (Ue,e'(t^.T^ +Z)- U.^^t^ X^) - V,, U,,,, (t^ X^) • z) 

(3.8) < (^2(x^ + z)- (^2(4) - V,,(^2(a;2) ■ z 

+ K\xi - z - xi]" ^ K\x{ -xi\°'+ aK\x{ - xi\°'-^{x{ - x^) ■ z. 

In order to test, we need to double the time variables. Hence, for j > 0, let us consider the maximum 
point (i-' , x{ , s-' , ^2 ) of the function 

M^'^ (t,Xi) -U^^^-(s,X2) - *(i,.Ti,X2) - -|< - s|^, 

where 

*(t,xi,X2) = K\xi ~ X2r + </5i(i,a;i) + '^2(a;2) + |i - i^f + |xi - x^p + |x2 - x^p, 
on Q-p.-p{t^ , x\) X (5p^p(t*, X2), for p > sufficiently small. Standard arguments show that {P , x{, s^ , X2) -^ 



(t , x^ji , X2) as j — > +00. Hence for j large enough there exists p > such that Qp,p{t'-> ,x\) x 
Qp,p{s^ ,xi) C Qp^p{t^,xl) X Q-p,-p{t^ ,x\) and xj 7^ x^. Testing, we get 

j{t^ - sn + 2(t^" - t') + dtMt',xi) < ll''[^{t\ ., x^2), x{] + X^''K■^'(i^ •), xi] + 51, 

j(t^" - s^) > -I^''[vl/(i^xi, ■),xi] +!'{■" [u,, As' , ■),xi]+g2. 
Subtracting the two last inequalities, and then letting j — > +cxd, we have 

dtMt',xi)<ll^''[^{t',;xi),xi]+Xl'[i'{t',xir),xi] 

+ X^''K^'(i^.),4]-Ii'''K.'(i',-),4] +31-52. 
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Since u'^''^ (t , •) and Ue^t'{t \ •) are twice differentiable respectively at xi = xf and X2 = X2, we can pass 
to the limit as p ^ 0+ and finally obtain 

Next, using p.6p . we get 

Now, let us estimate the termZj^''^[M'^''^ {t^ r)j 4] —Ii'^[Uf^f'{t^, ■)j^2] ^^'^ show that it contains a main 
negative part. For < I'o < 1, let us denote 

Ar := {z e Br{0) , \z ■ {xi - x^)| > 1^0^114 -xi\}. 

Then 

Il-'^[u^-^'{t',-),xt]~ll-'^[u,.y{t\-),xi] 

[u''''{t\xi + z)-u'-'\t^,xi)~\7,X'''it^4)-z 

A,. 
- {Ue,e'it\xl + z) - U^^^'{t^,X2) - V^^ We,e' (*'', 2:2) " z)]^l{dz) 

+ I [...]/i(rfz) = ri + r2. 

J Br\Ar 

From p.5p we have 

T2<C. 

Here and henceforth C denotes various positive constants independent of the parameters. Let us estimate 
Ti. From ([33) and ^^ it follows that 

Ti < / [K\x{ + z^xi\°' ~K\xl-xi\" ~aK\xl~xi\°'''\x{~xi)-z\pi{dz) + C 

JAr- 

+ [ [K\xl - z - x^l" - K\xl - .T^l" + aA>* - .T^|""^(.Tf - x^) • z]n{dz) 

JAr 

= 2 [ [K\xl + z ^ x^2\" ~ K\4 -41"- aA>f - 4\°'~^{4 " 4) ■ z]Kdz) + C 

JAr 

<aK f sup {|xf -x^2+ tz\°'~*{\xi ~xi+ tz\'^\z\^ 

J Ar \t\<l 

- (2 - a)[{xl -xi+ tz) ■ zf}Adz) + C. 
Let us fix r = ctJ.t'J — XjI, ct > 0, then for z e A^ 

\{x{-xi+tz)-z\ > \{xl~xi)-z\ - |zp > (i/o-cr)|j;f -a;^||z|. 
Let us choose i/q and a such that 

Co := -(1 + af + (2 - a)(z/o - ff)' > 0, 
then 

Ti < -CCoA>f - a;^|"-2 / |z|V(dz) + C. 

JAr 

By homogeneity 

/ \z\^fi{dz) = Cr. 

Then, we conclude 

Ti < -CCoK\xi - x^r^V + C < -CCoA>f - xi\°'-^ + C. 
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Finally, from (j3.9p . we obtain 

ccoK\xi - 4r-i < -a,^l(i^ xi) +91-92+0 

<9i-92 + C, 
which is a contradiction for K large enough. Hence u G C^(M+ x M^). 



D 



4. The proof of convergence 

This section is dedicated to the proof of Theorem II. 2 1 Before presenting it, we first imbed the problem 
in a higher dimensional one. Precisely, we consider V^ solution of 



(4.1) 



dtU' = I,[U%t, ., XN+i)] - W (^) + o (f , f ) in 
[/•^(OjX, XAT+i) = wo(a::) +a;Ar+i on 



,^ X it 



P^+i 



By Proposition 13.61 and Proposition 13.21 the comparison principle holds true for (|4.ip . Then, as in the 
proof of Proposition [231 by Perron's method we have: 

Proposition 4.1 (Existence for (j4.ip '). For e > there exists If^ € Cf,(M'^ x R^+^) (unique) viscosity 
solution of (j4.1|) . Moreover, there exists a constant C > independent of e such that 



(4.2) \U'{t,x,XN+i) -uoix) ~XN+i\ < Ct. 

Let us exhibit the link between the problem in M.^ and the problem in R^+^. 



Lemma 4.2 (Link between the problems on 
solution of (jl.ip and (|4.ip . then we have 



^ and on M"'^+"'^). // m*^ and V^ denote respectively the 
U'^{t,x,XN+i) — u'^it,x) — e < e. 



(4.3) 



U" \t,x,XN+i+e - j = [/"(t, x, ZAT+i) + e 



for any a G 



This lemma is a consequence of comparison principle for (j4.ip . of invariance by e-translations w.r.t. 
xn+1 and the monotonicity of If^ w.r.t. xn+i- 

We need to make more precise the dependence of the real number A given by Theorem 11.11 on its 
variables. The following properties will be shown in the next section. 

Proposition 4.3 (Properties of the effective Hamiltonian) . Let p G M^ and L G M. Let H{p,L) be 



the constant defined by Theorem ] Ll[ then H : 



pN 



is a continuous function with the following 



properties: 

(i) H{p, L) -^ ±00 as L ^- ±00 for any p G R^ ; 
(ii) H{p, •) is non- decreasing on R for any p G M^; 
(iii) Ifa{T,y)^<j{T,-y) then 

H{p,L) = Hi-p,L); 

(iv) IfW'{-s) = -W'is) anda{T,-y) = -a{T,y) then 

H{p,-L) = -H{p,L). 

In the proof of convergence, we will use smooth approximate sub and super-correctors on . 
More precisely, we consider for P = {p, 1) G M^+"'^ and L G M: 



(4.4) 



\ + drV = L+ Ii[F(t, •, yN+i)] - W'{V + P-Y + \t)+ ^(t, y) in : 
F(0,y)=0 on 



Here and in what follows, we denote Y = (y, yjv+i)- We will use also the notation X = [x, xm+i)- 
Then, we have the following proposition. 



14 

Proposition 4.4 (Smooth approximate correctors). Let A be the constant defined by Theorem \l.l[ For 
any fixed p G M.^ , P = (p, 1), L G K and ?/ > small enough, there exist real numbers X^{p,L), 
X~{p,L), a constant C > (independent of 7], p and L) and bounded super and subcorrectors V^ ,V^ , 
i.e. respectively a super and a subsolution of 

[ A±+9,y± = L + Xi[K,±(T,.,2/jv+i)] 

(4.5) I -W'{V^ + P-Y + \^T)+a{T,y)To,^{l) zn M+ x M^+i 
\ y±(0,y) = onR^+\ 

where < o,;(l) — > as rj -^ 0^. such that 

(4.6) lim A+(p,L)= lim A-(p,L) = A(p,L), 

locally uniformly in {p,L), Ar^ satisfy (i) and (ii) of Proposition \4^ and for any (t, y) G K+ x ]R-'^+^ 

(4.7) |K,±(r,y)|<C. 
Moreover Vjr are of class C^ w.r.t. yN+i, and for any < a < 1 

(4.9) < dy,^,v^^ >,;;, ||a2„^,,„^,Kf Hoc < c„. 

4.1. Proof of Theoreni ll.2l By (|4.2p . we know that the family of functions {C/^}c>o is locahy bounded, 
then U^ := hnisup*_j.Q W^ is everywhere finite. Classically we prove that C/+ is a subsolution of 

(dtU = H{\7^U,Ii[Uit,-,XN+i)]) in K+ x K^+i 
\^U{Q,x,xn+i) ^ uo{x) +XN+1 on ]R"+^ 

Similarly, we can prove that U~ = liminf*j_yoC/'^ is a supersolution of (j4.10p . Moreover f/+(0, x, Xn+i) ~ 
C/~(0, a;, xat+i) = uo{x) + XN-f-i. The comparison principle for (|4.10p . which is an immediate consequence 
of Propositions 13.51 and 13.61 then implies that U^ < U^ . Since the reverse inequality U~ < [/+ always 
holds true, we conclude that the two functions coincide with [7°, the unique viscosity solution of (|4.10p . 
The link between problems p.4|) and (|4.10p is given by the following lemma. 

Lemma 4.5. Let u'^ and U'^ be respectively the solutions of p.4p and (j4.10p . Then, we have 

U°{t, X, XN+i) = u°(i, x) + XN+i, 

U°{t, X, xn+1 + a) = U°{t, X, xn+i) + a. 

Lemma H31 is a consequence of comparison principle for (|4.10p and the invariance by translations w.r.t. 

VN+l- 

By Lemmata 14.21 and 14.51 the convergence of C/^ to [/° proves in particular that u^ converges towards 
u° viscosity solution of (|1.4I) . 

We argue by contradiction. We consider a test function (f) such that U^ — 4> attains a zero maximum at 
{to,Xo) with io > and Xq = {xo,x%_^_l). Without loss of generality we may assume that the maximum 
is strict and global. Suppose that there exists 9 > such that 

dtHto,Xo) = HiVMto,Xo),Lo) + 9, 

where 



Lo = / {4>{tQ,xo + x,Xj^_^_-^) - 4>{to,Xo) -^^(^{toyXo) ■ x)p{dx) 
(4.11) 

iU+{to,xa + X, x^+i) - U+{to,Xo))n{dx). 



\x\>l 

By Proposition 14. 3[ we know that there exists Li > such that 

i?(V,0(to, Xo),Lo) + 9 = H{V^4>{to, Xo),Lo + ii). 
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By Propositions l4.4l and l4.3l we can consider a sequence L,, — !■ Li as 77 — > 0+, such that X^{Vx<t>{to,Xo), Lo+ 
Lri) ~ X{Vx<l>(to,Xo), Lq + Li). We choose rj so small that L^ — o^(l) > Li/2 > 0, where 0^,(1) is defined 
in Proposition 14.41 Let y+ be the approximate supercorrector given by Proposition 14.41 with 

p=Vx(j>{ta,Xo), L = Lo + L^ 

and 

A+ = A+(p, Lo + L,,) = dt^ito^Xo). 
For simplicity of notations, in the following we denote V = V1+. We consider the function F{t,X) = 
(j}{t^ X) — p ■ X — Xt, and as in |31j and |32| we introduce the "xAr+i-twisted perturbed test function" (f)'^ 
defined by: 

(4.12) 0^(.,X):^^(*'^) + ^^O'^'^+^^^ ''' CfM.B.iXo) 

[u%t,X) outside, 

where fc^ e Z will be chosen later. We are going to prove that 0^ is a supersolution of (|4.ip in Qr,r{ta,Xo) 
for some r < ^ properly chosen and such that Qr,r{to, Xq) C ( ^i 2to) x Bi (Xq). First, remark that since 
U~^ — 4> attains a strict maximum at (to,^o) with [/+ — i/i = at (to,^o) a-nd V is bounded, we can 
ensure that there exists eq = £o('") > such that for e < eo 

(4.13) U'{t,X) < c^{t,X) +eV (^,^ /^*'^^A -7,, in (^1, 3^0^) x Si(.to) \ g.,.(io, a;o) 

for some 7^ = 0^(1) > 0. Hence choosing k^ ~ \—^^ we get C/^ < cj)'^ outside Qr,r{to,Xo). 

Let us next study the equation. From (j4.3p . we deduce that C/+(i,x,xjv+i + a) = t/"'"(i,x,XAr+i) + a 
for any a G R, from which we derive that dxfi^iF(to, Xq) = dx^^^iCpito, Xq) = 1. Then, there exists ro > 
such that the map 

Id X F : Qro^ro{toTXo) > Uro 

{t,x,XN+i) I — y {t,x,F{t,x,XN+i)) 
is a C^-diffeomorphism from Qra.raita, Xq) onto its range Urg. Let G : Ur„ — > M be the map such that 

Id X G : Uro > Qro,ro{t0TXQ) 

(t,a;,^Ar+i) 1 — > {t,x,G{t,x,^N+i)) 

is the inverse of Id x F. Let us introduce the variables r = i/e, Y ~ (j/,yjv+i) with y = x/e and 
yN+i = F(t, X)/e. Let us consider a test function ip such that cj)'^ — ^p attains a global zero minimum at 
{t,X) g Qro,ro{to,XQ) and define 

r'(T",i^) = -[ip{eT,ey,G{eT,ey,eyN+i)) - (l){eT,ey,G{eT,ey,eyN+i))] - k^. 
e 

Then 

(4.14) r{T,Y) = V{T,Y) and r^(T,y) < F(T,y) forall(eT,er)eQ,„^,„(fo,Xo), 

where r = t/e, y = x/e, y^v+i = F(tiX)/e, Y = {jj,yM+i)- From Proposition 14.41 we know that y is 
Lipschitz continuous w.r.t. yn+i with Lipschitz constant M^ depending on -q. This implies that 

(4.15) \dy,^X{T,Y)\<M^. 
Simple computations yield with P = {p, 1) e M^+^: 

r A+ + drT'ir^) = MUX) + (1 + ay„^,r^(r,F)) (9t0(to,^o) - at(/)(t,X))_, 

(4.16) <^ P + V^yr'(r, y) = V^V(i, X) +_{1 + dy„^,T'{T, Y)) (V,(/)(to, Xq) - V,0(f, X)), 
[ X+T + P-Y + V{T,Y) = ^^^^^k,. 

Using (|4.16p and (j4.15p . Equation (|4.5p yields for any p > 

9t7A(t,X) + o,(l) > Lo + Lr,+ll-P[r{T, ., y^+i), y] +I^''[y(r, •, y^+i), y] 

^'•''^ -iy'(^)+.(j,^)-o.(l). 

We now use the following lemma whose proof is postponed: 
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Lemma 4.6. For £ < £o{r) < r < tq , we have 

_Ty'(^^:M))+,0,H)-o,(i)+o„(i)+v 

Let r < ro he so small that o,.(l) > — ii/4. Then, recalling that L,, — o,,(l) > Li/2, for e < eo('') we 
have 

dt^P{t,X)>ll-' [^{l;XN+l),x] +ll'' [cl)'{t,;XN+l),x]^W' ' "^'(^'^^ 

t x\ Li 



"'.'.; ■ 4' 



and therefore 0'^ is a supersolution of (|4.ip in Qr.r{to,Xo). Since C/*^ < 0'^ outside Qr.r{to,XQ), by the 
comparison principle, Proposition 13.31 we conclude that C/^(t, X) < (j){t, X) + eV (^,j, —^ — - j + ek^ in 
Qr,r(to,Xo) and we obtain the desired contradiction by passing to the upper limit as e — >■ at (io,^o) 
using the fact that U^{to,Xo) = (j){to,Xo): < -~-fr- 



Proof of Lemma 14.61 We call 



-^0 = / {(t){to,xo + x,x%^i) -(l3{to,Xo) -V(j){tQ,Xo) ■x)fi{dx), 

J\x\<l 

Ll^ I {U+{to,xo+x,x%+^)-U+{to,Xo))ii{dx). 

J\x\>l 

Then 

(4.18) Lo = Ll + Ll. 

Keep in mind that y„_^i = f^SJQ.^ Since ^it,X) = 0(i,X) + eV' ff, f , ^^II^"! + efc,, we have 

(4.19) ll' [r(t, -^XN+i),!!:] =h+ h, 
where 

i,^ f e fr f*, ^±:^, £(!il±:EiI^) _ r^(^, F) - v,r(r,F) • ^ 

-ay„^,r(T,F)V,F(t,X) • ^) //(da;), 

/2 = / {(f>{t,x + x,XN+i)-(l){t,X)-\/(j){t,X)-x) n{dx). 

To show the result, we proceed in several steps. In what follows, we denote by C various positive constants 

independent of e. 

Step 1: We can choose eo so small that for any e < eo and any p > small enough 



Take p > 0, 6 > p small and R > large and such that eR < 1. Since g is even, we can write 



where 



Ii=l?+Il+I^ + Il 



J\x\<tp \ \^ ^ ^ J ^ 

-a,„+,r(r,F)v,F(<,X) • ^) pidx), 
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and 
where 



Il = 
Il = 



ep< \x\ <.eS 



eS<\x\<€R 



eii;<|x|<l \ V £ £ 
r2,P 



5 

e 


e 




e 




t 


X + X 


Filx 


+ x 


,xn+i) 


e 


e 




£ 




t 


X + a; 


F{t,x 


+ X, 


xn+i)' 



£ ( rM -, ^-^, ^^^^^^::^^^^v^^ I _ Y'^T,Y) fi{dx), 



-riT,Y)Ui{dx), 



2^i'''[^(t, ■,yAr+i):y] = Ji + J2 + J3, 



Ji= / {V{r,y + z,y^+,)-V{T,Y))fiidz), 

J p<\z\<S 
Js<\z\<R 

h= I {V{T,y + z,y^^,)-V{T,Y))fi{dz). 

J\z\>R 

STEP 1.1: Estimate of 1° and iI-'''[T'{t, ■,yj^_^_^),y]. 
Since V^ is of class C^ , we have 



(4.20) 



I^>l\ll'nTr,yN+i),y]\<CeP, 



where C^ depends on the second derivatives of V^. 
STEP 1.2 Estimate of ll - Ji. 

Using (|4.14p and the fact that g is even, we can estimate ll — Ji as foUows 



II -Ji< 



p<\z\<S 



V {T,y + z, 



F{t,x + ez,XN+i] 



V {T,y + z, 



F{lx) 



-l 



p<\z\<S 



T . I - - , F{t,x + ez,XN+i) , X . , - - , 
V [T,y + z, \ — V [T,y + z 



e 
F(t,x) 



fi{dz) 



-dy,^,V {T,y + z, ^^^^ ] V,F(t, X) ■ z 



Next, using 
(4.21) 



+ [dyj,+,ViT,y + z,y^+^)-dy„^,ViT,Y)] V,F(t, X) • z} ^(dz). 
and (|Tg|) . we get 

Il-Ji<cf (|zp + |z|i+")^(dz) < C<5". 

J|z|<<5 



STEP 1.3 Estimate of if - J2. 

If M^i is the Lipschitz constant of V w.r.t. yN+i, then 

F(i,x + ez,XN+i) 



It~J2< / [V[T,y + z. 

IS<\z\<R 



V [T,y + z 



F{t,X) 



li{dz) 



< A/. 



l5<|2|<i? 



F{t,x + ez,XN+i) F{t,X) 



li{dz) 



Then 

(4.22) 



< Mr, I sup \VxF{t,x + ez,XN+i)\\z\fJ.{dz). 

S<\z\<R \z\<R 



if - J2 <C sup |V^F(i,x + ez,XAr+i)|log(i?/(5) 



STEP 1.4: Estimate of if and J3 
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Since V is uniformly bounded on R+ x R^+^, we have 



(4.23) '^<l^l^« 

< f 2\\v\\^^l{dz) < §. 

J\z\>R ^ 

Similarly 

(4.24) IJ3I < ^. 

Now, from ^^, dMU, (|T^ . (|i:^ and (gH]), we infer that 

h < Xl-"[T%T, •, Fjv+i), y] +Ii''''[^(r, •, yjv+i), y] + 2C,p + C<5" 

+ C sup |Vj;F(t,x + ez,XAr+i)|log I ^ ) + — . 
|^|<fl \o J R 

We choose i? = R{r) such i? — > +00 as r — > O"*", eo = eo('') such that Reoir) < r and S ~ S{r) > such 
that (5 — !■ as r — !> 0+ and rlog{R/S) — > as r — > 0+. With this choice, for any e < eo and any p < S 

06"^ + C sup \W ^.FCi, X + ez,XN+i)\ \og ( ^r ) + — = o,.(l) as r ^ 0+, 
|z|<_R \SJ R 

and Step 1 is proved. 
Step 2: /2 < Ll + Or{l). 

For < i^ < 1 we can split I2 and Lq as follows 



((/)(t, X + x, xat+i) — 4'{t, X) — V4>{t, X) ■ x)ii{dx) 



(0(t, x + x, XN+i) - Ht, X))^i{dx) = II + /|, 



<|2;|<1 

Ll^ {(t)ito,xo + x,x%^i)-(j}{to,Xo) -V(j){to,Xa) ■x)ii{dx) 

J\X\<L' 

+ / ((/)(io,a;o +a;,a;5V+i) - 0(^o,^o))M('ia;) = Ti +r2. 

■Jiy<\x\<l 

Since is of class C^ we have 

/2\Ti <Cv. 
Using the Lipschitz continuity of (j) we get 



ll-T2= / Crn{dx) <C-. 



Hence, Step 2 follows choosing v ~ vir) such that z/ ^- and r/i^ — ;• as r — > 0+. 
Step 3: X^^ [0^(i, •,xw+i),;e] < L2 + o,(1). 
Remark that 

C/"(i,x + x,XAr+i) - (/)(t,X) - ey(r,F) - efc, < [/+(io, xq + a;, x\^^) - <\){U,Xo) + o,(l) + o^(l). 

Then, recalling that (/)(io,-'^o) = C^^(^o>-'^o)i for e < eg we get 

X\^ [0^(f,-,xjv+i),x] -L^ <o,(l) 

and Step 3 is proved. 

Finally (|iT5| . dHH), Steps 1, 2 and 3 give 

2^1'^ [V"!*, -i^w+i),^] +2:1'^ [0'(^, ^Sw+i),^] <Xi'''[r'(r, •,y^_^i),y] +Xi'''[y(r, -,^^+1),^] 
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from which, using inequahty (|4.17p and letting p — > 0+, we get for e < eq 

-o,„(l) + o^(l)+L„ 
and this concludes the proof of the lemma. □ 

5. Building of Lipschitz sub and supercorrectors 



In this section we construct sub and supersolutions of (|4.4p that are Lipschitz w.r.t. yN+i- As a 
byproduct, we will prove Theorem 11.11 and Proposition [ 



Proposition 5.1 (Lipschitz continuous sub and supercorrectors). Let A be the quantity defined by Theo- 
rem \l.l\ Then, for any fixed p £ R^, P = (p, 1), L G M and rj > small enough, there exist real numbers 
X^{p,L), X~{p,L), a constant C > (independent of rj, p and L) and bounded super and subcorrectors 
W^,W~ i.e. respectively a super and a subsolution of (|4.4p (with respectively X^ and Xz in place of X) 
such that 

lim A+ (p, L) = hm A,T {p, L) == X{p, L), 

A,^ satisfy (i) and (ii) of Proposition [73| and for any {t,Y) G M^ x R'^^-'^ 

(5.1) \W^{t,Y)\<C. 

Moreover W^ are Lipschitz continuous w.r.t. yn+i and a-Holder continuous w.r.t. y for any < a < 1, 
with 

(5.2) -i<a,„,,w^±<"^""- 



2/N + i"'? „ 

(5.3) < W^ >1<C^. 

In order to prove the proposition, for 77 > 0, i e M, p e M^ and P = [p, 1), we introduce the problem 

drU = L+ Xi[t/(T, •, 2/jv+i)] - W'{U + P-Y) + a{T, y) 

(5.4) { +ii[a^ + iniY'U{T,Y')-U{T,Y)]\dy^^,U+l\ in R+ x 
C/(0,y) = onM^+1 

5.1. Comparison principle. 



Proposition 5.2 (Comparison principle for ^^). Let Ui G USCb{R+ x M^+i) and U2 e LSQ 
]^w+i-j ^g respectively a viscosity subsolution and supersolution of (|5.4[) . then Ui < U2 on R"*" 



X 

1 



Proof. Let us define the functions Vi{t,Y) := e '''^Ui{t,Y) and V2{t,Y) := e '^^C/2(r, F), where 
k := II M^" II 00 + 1- It is easy to see that Vi and V2 are respectively sub and supersolution of 



drV = Le-''- +Ii[V{T,-,yN+i)]+ 9iT,Y,V) 

^J/Af + l 



(5.5) <^ +?][ao + e''^{miY'V{T,Y')-V{T,Y))]\dy^^^,V + e-''^\ in R+ x R^+i 



y(o,r) ==0 

where g(r, Y, V) = -e-''^W'{e''^V + P ■ Y) - kV + e-'^^air, y). Remark that, by the choice of k, 

(5.6) g{T,Y,V,)-g{T,Z,V2)<HV,-V2)^e-'^^{\\W"\\^\P\ + \\a'\\^)\Y-Z\. 

To prove the comparison between Ui and C/2, it sufhces to show that Vi(r, Y) < V2{t, Y) for all (t, Y) G 
(0, T) X R^+i and for any T > 0. 

Suppose by contradiction that A/ = swp,^Y}<£(o,T}xR'^+^i^ii'''T^) ~ V2{t,Y)) > for some T > 0. 
Define for small vi,V2,P,S> the function G C^l{R+ x R^+i)^) by 

0(r, Y, s,Z)^^\r- s\^ + ^\Y - Z\' + ^Y) ^ 



2iyi' ' 2z^2 ' -^^ ' T- 
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where '4> is defined as the function ■02 in the proof of Proposition 13.71 The supremuni of Vi (r, Y) — 
V2{s,Z) ~ (J){t,Y,s,Z) is attained at some point {t,Y,s,Z) G ((0,r) x M^+^)^. Standard arguments 
show that, because f/i and U2 are assumed bounded 

(r,F,s,Z) ^ (f,?,y,Z) asj/1^0, 

Vi(r,F) ^ Vii?, Y), V2{s,Z) -> V2i?, Z) as vi ^ 0, 

where (r, ?, Z) is a maximum point of yi(T, Y) - V2{t, Z) - ^\Y - Zp - l3^j{Y) - jfl-p. Moreover, it 
is easy to see that 

hmsupinf V^i(r,y') < miVi(?,Y'), hminf inf Fafs, F') > miV2(?,Y'). 

yi_).0 Y' Y' ui^a Y' Y' 



Since Vi and V2 are respectively sub and supersohition of (|5.5p . for any r > wc have 

5 T ^s 



(T-r) 



^^2 



t^i 



(5.7) 



and 



(5.8) 



-kT , C'atT ^ oT-l,rr,/v — \ — i , T-2,rr 



J^2 



+ 7iao + e'^^ (inf V, (r, F') - ^i (r, F))] 



yw+l - ^Af+l 



Ax\ I ^ — kr 



V2 



+ Pdy,^,iiY)+e 



r_^ > ie-fc^ _ ^ + X^'[y2(s, -,^^+1),^] + .9(s, Z, ^2(5, Z)) 



Vl V2 

+ r;[ao + e'^^(inf 1/2(5, F') - ^2(5, 2^))] 



j/Af+l - ZjV+1 _^ ^_fc^ 



i^2 



where Cyv is a constant depending on the dimension N . Since (r, y, s, Z) is a maximum point, we have 

yi(T,y + a;,y^+i) - yi(T,F) < 1/2(5, z + a;,ZAr+i) - ^2(5, Z) + /3[V;(^ + a;,y„+i) - i^(F)], 
for any x (E M^, which imphes that for any r > 

2^i'''[^i(t', -,1/^+1), f] <Ii'''[T/2(s, •,z7v+i),z]+/3Ii'''[i/'(-,yw+i),y]. 
Then, subtracting (|5.7p with (|5.8p and letting r — > 0+, we get 
(5 



(T-r)2 



^ < L{e-^^ - e-^') + /3Ii[7/.(., f„+i), f] + .g(r, F, T/i(t, F)) - .g(s, Z, ^2(5, Z)) 



+ r;[ao + e''^"(inf yi(r, Y') - Vi (r, F))] 



77[ao + e'^(inf ^2(5, F') - 1^2 (s, Z))] 



2/7V+1 ^ ^N+l 



V2 



+ pdy,^,i^{Y) + e 



'k- 



Vn+1 - ZN+l _^ ^_fcj 



1^2 



Next, letting i^i — > and using (|5.6p . we obtain 
(5 



(r-?)2 

(5.9) < /3Zi[7^(., yAT+i),^] - (Fi(f, Y) - V2{r, Z)) + e-'=^(|lW^"|U|P| + \\a'\\oo)\Y -Z\+Cl3 

+ 77e'=^[inf Vi{?, Y') - inf V2{?, Y') - {Vi{?, Y) - V2{9, Z))] 



VN+l - Zn+1 , ^-k'l 



V2 



It is easy to prove that 
(5.10) 

and 



lim inf (Vi (f , Y) - V2 (r, Z)) > M 



\y~z\ 

^2 



<c, 
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where C is independent of /3 and 5. Up to subsequence, r ^ tq £ [0, T] as (/3, 5) -> (0, 0) and by (jS.lOp . 
we have 

limsup [inf yi(f,r') - inf l/2(r,y') - {Vi{9,Y) - V2{t,Z))] 

(/3,5)^(0,0) ^' '^' 

< inf y(To,r') - inf l/2(To,r') - sup(yi(ro,y') - ^2(7-0,1")) 
y Y' Y' 

<0. 

Then, passing to the Hmit first as (/3, 5) -^ (0, 0) and then as 1^2 —> in (j5.9p we finally get the 
contradiction: 

M < 0, 
and this concludes the proof of the comparison theorem. □ 

5.2. Lipschitz regularity. 

Proposition 5.3 (Lipschitz continuity in yjv+i)- Suppose 77 > 0. Let C/,, G Ch(K"'" xR^"*"^) be the viscosity 
solution of (|5.4p . Then C/^ is Lipschitz continuous w.r.t. Hn+i and for almost every {t,Y) G M^ x M^"''^ 

WWW 

(5.11) .i<0^^^^u,{r,Y)<^-L-l^. 

Proof. Let us define U{t,Y) = U{t,Y) + yN+i, then U satisfies 

drU = L+ Iipir, •, yw+i)] - W'iU+p- y) + air, y) 

(5.12) \ +7^[cLo + iryiY'{U{T,Y')~y'^^^)-{U{T,Y)-yN+i)]\dy,^,U\ in M+ x M^^+i 
U{Q,Y) = yN+i onM^+i. 

We are going to prove that U is Lipschitz continuous w.r.t. yN+i with 

W'llno 



o<9,„+,c/(T,y)<i + 



1] 



By comparison, U{t^y,yN+i) < C/(i,y, y^v+i + ^) for /i > 0, from which immediately follows that 
9yN+iU > 0. In particular we can replace \dy^^-^U\ by dy^^^U in (|5.12p . 

Let us now show that dy^^^U < 1 + —■ We argue by contradiction by assuming that for some 

T > the supremum of the function U{t, y, yN+i) — U{t, y, ZAf+i) — K\yN+i ~ ^w+i | on [0, T] x R^+-'^ is 
strictly positive as soon as K > 1 + - — -^ . Then for (5, /3 > small enough, M defined by 

M= max iu{T,y,yN+i)-U{T,y,ZN+i)-K\yN+i-ZN+i\-(3i)iY)-— 

(-r,y)e[0,T]xK" ^ 1 — T 

HN + l.-JV + ieK 

where ip is defined as the function ip2 in the proof of Proposition 13.71 is positive. For j > let 



Mj = max 

s 



{uiT,y,yN+i) - U{s,z,ZN+i) ~ K\yN+i -^at+iI - /3V'(F) 



T-T 



j|T-sp -ily-zp 



and let (r-', j/-', y^^-^, s^, z-', z;^^-^) G ([0,r] x R^+-'^)^ be a point where Mj is attained. Classical ar- 
guments show that Mj -> M, (r^ j/^,?/;^^^, s-?, z-^, z;^^J ^ (t, y, y^_l_i, r, y, zat+i) as j -> +00, where 
(r, y, y^_i_]^, z^r+i) is a point where M is attained. 

Remark that < t < T, moreover, since U {t ,y ^y j^ j^-^) > [/(r,y, zat+i) and t/ is nondecreasing in 
yN+i, it is 

(5.13) yjv+i>^JV+i. 
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In particular yj^+i ^ -^w+i '"^^^ ^ < Sj, tj < T for j large enough. Hence, for r > 0, we obtain the 
following viscosity inequalities 



(^■^^) - W'{U{T^,y^,y'^^,)+p- y^) + a{T\y^) + r^[aa + inf(t/(T„y') - y'j,^,) 



Y' 



and 



(5.15) 



(C/(r^ y^ y^^+ J - y^+i)] ( X^f±i-4^ + M„^,^(y^ y^+i) 



+ r;[ao + inf (C/(s„ r') - yJv+i) " (C/(s^ ~^^ z^+i) - z^+i^-^^^^ " "^^^^ 



where C^v is a constant depending on N. Since (r-*,?/^, j/^ , -^, s^, z-', z^ , -^) is a maximum point, we have 
for any x G ffi^, which implies that for any r > 

I'.'^-luir^ r,yWi)^y'] <^i''P{s^ r,zWi)^^'] + i^^i'^i^i-^yN+i)^y']- 

Hence, subtracting (|5.14p with (|5.15p . sending r — > 0+ and then j -^ +cxd, we get 
5 



<l3Ii[^i-,yN^,),y] + W'iUiT,y,ZN+i)+p-y)-W'{U{T,y,yN+,)+p-y) 

1 J. II 

- ^[U{T,y,yN+i) -U{T,y,^N+i) - {vn+i - ^ n +i)\K -^^^^ — _^"^\ 

+ M«+iV'(l',yjv+i)'7[ao + inf(C/(r,y') - y^+i) - (f/(r,|/,yjv+i) - I/at+i)] 

< ||W^"||oo|t/(r,y,yjv+i) " C/(r, y, zjv+i)| 

-/\?7[[/(r,y,y^_^i) -C/(r,y,ZAr+i) - (y^_^i - ^Af+i)]]ir^^^^ r + ^C. 

\Vn+i~zn+i\ 

Then, using (|5.13p and that A'|yjY+i ^^w+i| < U{T,y,yj^_^_i) — [/(r, y, zat+i), for /3 small enough, we 
finally obtain 

( II 1^" II 00 + V - vK){U{T,y,y^+,) - [/(r,y, z^+i)) > 0, 
which is a contradiction for A^ > 1 + —. D 

5.3. Ergodicity. 

Proposition 5.4 (Ergodic properties). There exists a unique A^ = Xri{p,L) such that the viscosity 
solution U,j e Cb{M.+ x R^+i) of dO]) satisfies: 



(5.16) |t^7,(T,F) - A,,t| < C3 /or aZ; T > 0, y e 
wjt/i C3 independent ofrj. Moreover 

(5.17) A - llVK'lloo - Iklloo + im <\<L+ llW^'lloo + ||ct||oc + vao- 



23 



Proof. For simplicity of notations, in what follows we denote U = Un and A = A,,. 

To prove the proposition we follow the proof of the analogue result in [32] . We proceed in three steps. 

Step 1: existence The functions W^{t,Y) ~ C^t and W~{t,Y) — C^t, where 



C^=L±\\W'\U±\\a\ 



van, 



are respectively sub and supersolution of (|5.4p . Then the existence of a unique solution of (|5.4[) follows 

from Perron's method. 

Step 2: control of the oscillations w.r.t. space. 

We want to prove that there exists Ci > such that 



(5.18) \U{t,Y)-U{t,Z)\<Ci for allr >0, y,Ze: 



pN+l 



STEP 2.1. For a given k £ Z^+\ we set P ■ k = I + a^ with / e Z and a e [0, 1). The function 
U{t, Y) = U{t, y + fc) + a is still a solution of (jO)) . with U{0, Y) = a Moreover 

C/(0, Y) = 0< [7(0, y) = a < 1 = L/(0, Y) + 1. 

Then from the comparison principle for (j5.4p and invariance by integer translations we deduce for all 
T > 0: 

(5.19) |C/(r,F + fc)-C/(T,F)| <1. 

STEP 2.2. We proceed as in [32] by considering the functions 

Af (r) := sup U(t,Y), m(T) :== inf U{t,Y), 

q{T) :— M{t) — ■m{T) ~ osc U{t, •). 

Let us assume that the cxtrcma defining these functions are attained: M{t) ~ C/(t, y^). m{T) = 
U{t,Z-). 

It is easy to see that M{t) and m{T) satisfy in the viscosity sense 

drM <L + Ifpir, ■, y]v+i), y1 " W'iM + P ■ y-) + a(r, y^) + rj[ao + mir) - Mir)], 

drm>L+ lf[U{T, ■, zj^r+i), z"-] ~ W'{m + P ■ Z^) + <j{t, z^) + ryao- 
Then q satisfies in the viscosity sense 

drq < II[U{t, ■,v],+^),v^]-II[U[t, -,2^+1),^^ - W'[M + P ■ Y-) 
+ W'{m + P-Z^) + (j{t, y^) - cr(r, z^) 
< II[U{t, ., 2/]^+i), y^ - II[U{t, •, z^+i), zT + 2|lM^'|U + 2||a|U. 

Let us estimate the quantity C{t) :~ I1[U{t, •, y'^j^^^), y'^] — Z^[C/(r, •, zj^^-^), z'^] from above by a function 
of q. Let us define k^ G Z"+i such that y^ - {Z^ + k^) G [0, 1)^+^ and let Z^ := Z^ + k^ . Using 
successively (j5.19p and the first inequality in (|5.11|) . we obtain: 

£(r) < / {U{t, y- + z, y]v+i) - U{t, Y^))ti{dz) 

J\z\>l 

([/(r, F + z, z^+i) - U{t, Z^))fi{dz) + M 

z\>l 



< / {UiT, y^ + z, y]^+i) - C/(r, Y-))f,{dz) 

J\z\>l 

{U{t, I^ + z, y]^+i) - [/(r, Z^))fi{dz) + 2/1, 

\z\>l 
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where yu = ||a*o1Ili(r«\Bi(o))- Now, let us introduce c^ = ^ ^^ and (5'^ = ^ ^^ ^ Pi 5)^ so that 
V'^ = c'^ + (5"^ and z^ ^ c^ — 5'^ . Hence 



£(r)<271+ / (L/(T,c" + z + 5\j/^+i)-C/(r,r-))M(ci^) 

J\z\>l 

{U{t, c' + z- 8\ ylf^,) ~ C/(r, Z^))^l{dz) 



\z\>l 

<2JI+ f {U{t,c^ + z,y^^^,) -U{T,Y-))^^o{z ^ S^)dz 

J\z~5^\>l 

(C/(t, c^ + z, yX^+i) - C/(t, Z^))mo(;^ + S^dz 
<2J1- f {U{t,Y^) ~ U{T,Z^))min{^io{z - S^), Mz + S^)}dz 

J {\z-S^\>l}n{\z+5^\>l} 
< 271 - Coq{T) 

where cq > 0. We conclude that q satisfies in the viscosity sense 

drqir) < 2\\W'\\oo + 2||fT||oo + 271- co(7(t), 

with q{0) = 0, from which we obtain (jS.lSp . 

If the extrema are not attained, it suffices to consider for /3 > 0, A'/^(r) := supy^jjiv+i {U{t, Y)—I3i(j{Y)), 
''TT'ffiT) := infygRiv+i(C/(r, F) + l3ip{Y)), and ^^(t) := Mp{T) — mp{T), where -0 is defined as the function 
'(/)2 in the proof of Proposition 13.71 By the properties of ip, Mp{T) and mj3{T) are attained. Then, the 
previous argument shows that 

qp<Ci + C/?, 
and passing to the limit as /3 -> O"*" we get (|5.18p . 

Step 3: control of the oscillations in time. We follow [32] by introducing the two quantities: 

+ ,^^ C/(r + r,0)-[/(r,0) _, ,_,^, ._ ^„, L/(r + T, 0) - C/(r, 0) 



A+(r):-sup^ '-^ ^^ and A-(r) :- inf 

T>0 J ■r>o ^ 

and proving that they have a common limit as T -4- +00. First let us estimate \^{T) from above. The 
function U+{t,Y) := C/(t,0) + Ci + C+t, is a supersolution of dO]) if C+ = i + ||VF'||oo + |k||oo+?7ao- 
Since [/"""(O, F) > U{t,Y) if Ci is as in (|5.18p . by the comparison principle for (|5.4p in the time interval 
[r, r + To], for any tq > and t £ [0, tq] we get 

(5.20) f7(T + i,y) <[/(T,0)+Ci+C+i. 
Similarly 

(5.21) t/(r + i,r) > C/(T,0)-Ci+C"t, 

where C^ ^ L — ||M^'||oo — ll'^'lloo + '700- We then obtain for tq = t = T and y = 0: 

(5.22) L - ||Ty' lU - Iklloo +vao-Y^ ^"(^) < ^+(r) < ^ + ll^'IU + ||fT||oo + ^0 + ^- 
By definition of A*(T), for any (5 > 0, there exist r* > such that 

C/(r±+T,0)-C/(T±,0) 



A*(r)- 



<6. 



T 

Let us consider a, /3 G [0, 1) such that r+ - t" - /3 = fc e Z, and C/(t+, 0) - f7(r+ - fc, 0) + a £ Z. From 
([ET5)) we have 

U{t+,Y) < L/(t+,0) + Ci < f7(T+-fc,r) + 2Ci + (C/(r+,0)-t/(T+-fc,0)) 

< t/(T+-/c,r) + 2[Ci] +(C/(r+,0)-t/(T+-/i:,0) + a). 

Since a{-, y) and VK'(-) arc Z-periodic, the comparison principle for (15. 4p on the time interval [t+, t+ +r] 
implies that: 

U{t+ + T, y) < t/(r+ - A; + r, F) + 2 [Ci] + C/(r+ , 0) - [/(r+ - fc, 0) + 1. 



25 



Choosing y = in the previous inequahty we get 

C/(r++T,0)-C/(r+,0) < U{t+ - k + T,0) - U{t+ -fc,0) + 2[Ci] 
= U{t~ +I3 + T,Q)- U{t- + /3, 0) + 2 \C\] 
and setting t = /3 and r = r^ + T in (|5.20p and t = t^ in (|5.2ip we finally obtain: 

rA+(r) < rA-(r) + 4\Ci] + 1 + 2||vk'||oo + 2||a||oo + 2St. 

Since this is true for any d > 0, we conclude that: 

4[Cil+l + 2||W^'|U + 2||a||oo 



|A+(r)-A-(r)|< 



T 



Now arguing as in [21] and [31], we conclude that there exist limT-i.+oo A^(r) =: A and 



|A±(T)-A|< 



4[Cil+l + 2||VK'|loo+2|!a|I, 



which implies that 

|t/(r, 0) - ATI < 4rCil + 1 + 2\\W'\\oo + 2\\a\\^, 
and then, using (|5.18p we get (|5.16p . The uniqueness of A follows from (|5.16p . Finally, (|5.17p is obtained 
from (j^:^ as T ^ +oo. D 

5.4. Proof of Theorem ll.il Let us consider the viscosity solution of (|5.4p for 77 = 0. By Proposition 
15.41 we know that there exists a unique A such that U{t,Y)/t converges to A as t goes to +00 for any 
Y G M.-^'^^. Moreover, by Proposition 13.61 C/(r, y,0) is viscosity solution of p. 61) . Hence, the theorem 
follows immediately from the uniqueness of the viscosity solution of (jl.6p . 



5.5. Proof of Proposition 15.11 Let us denote by C/,^ the solution of (|5.4p with qq ~ Ci, where Ci 



is defined as in (|5.18p . and by U the solution of (|5.4p with oq = 0. 



Let A+ 



liniT-- 



UUr,Y) 



and 



lim,-- 



U-{r,Y) 



the existence of A+ and A~ is guaranteed by Proposition 15.41 By stability (see 
0+ the sequence {U^)ri converges to U solution of (|5.4p with 77 = 0. Moreover by 

-> as n — > +00 such that Aj" — > Aoo as 
-^ — - . By the proof of Theorem II. 1[ we 



e.g. [ H]), for rj 

(|5.17p the sequence (A+),, is bounded. Take a subsequence r],, 



-00. Wc want to show that A 



A, where A = lim^_ 



■+00 



know that A is the same quantity defined in Theorem ll.il Using (|5.16p . we get 



lA-A, 



< 



< 



A- 



A- 



C/(t,0) 



r 
(7(t,0) 



C/(r,0) t/+(T,0) 



T T 

U{t,Q) ?7+(t,0) 



KS^^^) 



-xi 



+ l\T„ - ^= 



9i 

T 



+ 1^1 - Ac 



T T 

where C3 does not depend on n. Then, passing to the limit first as n -^ +00 and then as r — >■ +00, we 
obtain that A = Aoo- This implies that A^ — ^ A as 77 — > 0. 
The same argument shows that A~ — > A as 77 -^^ 0. 
Now, we set 

VF+(r,r):=[/+(T,y)-A+r 
and 

W^-(r,r):=t/-(T,y)-A-r. 

Then, W^ and W~ are respectively the desired super and subsolution. 

Indeed, since by (|5T8)) . Co + infy. f/+(r, F') - U^ir.Y) > 0, W+ is supersolution of g^J) with 



]>N+1 



uniformly " 



A = A+. Moreover, by (|5.16p . VF+ is bounded on 
{t,Y) gR+ xK^+i. 

By (j5.1ip . W^ is Lipschitz continuous w.r.t. yN+i and —1 < dyj^_^^W^ < - 



t. rj: \W+{t,Y)\ <C3foran 
This implies that 



W^ is also a viscosity subsolution of 



A+ + drV 



(5.23) 



y(0,y) = 



L + Xi[1/(t,-,2/jv+i)] 

'Cl{\\W"\\^+7j) 



W'{V + X+T + P-Y) + aiT,y) 



m i 
on 



T X J 

vN+l 



pW+1 
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By Proposition 13.61 W,+ is supersolution of (j4.4p and subsolution of (|5.23p in M+ x M^ for any 
Vn+i £ K. Then by Proposition 13.71 W^ is of class C" w.r.t. y uniformly in yN+i and r^, for any 
<a < 1. 

Similar arguments show that W^T is subsolution of (|4.4p with A = A^, is bounded on M+ x R^+^, 

Lipschitz continuous w.r.t. j/jv+i with — 1 < 9y„^jW^ < — and Holder continuous w.r.t. y. This 

concludes the proof of Proposition 15.11 

5.6. Proof of Proposition 14.31 The continuity of H{p, L) follows from stability of viscosity solutions of 
(jl.6p (see e.g. [8]) and from (j5.16p . Indeed, let (p„, L„) be a sequence converging to (po, -^o) as n — > +00 
and set A„ = A(p„, L„), n > 0. By (|5.16p . we have for any r > 

w„(T,y) 



•^ji ^ 



r 



Stability of viscosity solutions of (|1.6p implies that w„ converges locally uniformly in (r, y) to a function 
Wo which is a solution of (jl.6p with (p, L) = (po, Lq)- This implies that lim sup„_^_[_oo l-^n ^ -^o| < ^7^ for 
any r > 0. Hence, we conclude that lini„_^+oo A„ = Aq. 

Property (i) is an immediate consequence of (j5.17|) . 

The monotonicity in L of H{j), L) comes from the comparison principle. 

Let us show (iii). Let v be the solution of (|1.5p and A = A(p, L). Set v{t, y) :— v{t, — y). Remark that 
Ii[v{t, ■),y] ~ Ii[v{t, •), —y]. If a{T, •) is even then v satisfies 

jX + drV^Ii[v{T,-),y]+L~W'{v + Xt~p-y) + a{T,y) in IR+ x M^ 
|w(0,y) = on K". 

By the uniqueness of A we deduce that X{L,p) = X{L, —p), i.e. (iii). 

Finally let us turn to (iv). Define v{T,y) := —v{T,—y). If W'{-) and (t{t,-) are odd functions, v 

satisfies 

j-X + drV ^Ii[v{T,-),y]- L~W'{v- Xt + p-y) + a{T,y) in IR+ x M^ 
|u(0,y) = on M^. 

As before, we conclude that X{—L,p) = —X{L,p), i.e. (iv). 

6. Smooth approximate correctors 

In this section, we prove the existence of approximate correctors that are smooth w.r.t. yN+ii namely 
Proposition 14.41 We first need the following lemma: 

Lemma 6.1. Let ui,U2 G C'f,(M+ x M.^) be viscosity subsolutions (resp. supersolutions) of (j4.4p in 
M+ X R^, then ui + U2 is viscosity subsolution (resp., supersolution) of 

2X + drV = 2L + Ii[v] -W'{ui+P-Y + Xt) 

-W'iu2 + P-Y + XT)+2a{T,y) m E+ x M^ 

v{0,y) = onR^. 

For the proof sec Lemma 5.8 in [TTj . 

Next, let us consider a positive smooth function p : R ^> R, with support in i?i(0) and mass 1. We 
define a sequence of mollifiers {ps)s by ps{s) = |p(f), s G R. Let W^ (resp. W~) be the Lipschitz 
supersolution (resp. subsolution) of (|4.4I) with A = A+ (resp. A ~ A^), whose existence is guaranteed by 
Proposition 15. II We define 



y^sii^y^VN+i) ■^W^it,yr)*P5i-)= / W,f{t,y,z)p5{yN+i - z)dz. 

Jr 

e functions V^g and V~g are respectively sv 
A^ + drV^% = L+Ii [V^%{t, •, y^+i)] + a{T, y) 



Lemma 6.2. The functions V^g and V g are respectively super and subsolution of 



(6.2) <j ■ ~J^W'iW^iT,y,z)+p-y + z + X^T)ps{yM+i-z)dz mR+xR^+^ 

y±(0,r)=0 onR'^+i. 
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Proof. We prove the lemma for supersolutions. Let Q^ = e + [—h/2, h/2), pg{e, h) = Jge ps{y)dy and 

Ih{T,y,yN+i) = X! ^rii^^y^VN+i -e)ps{e,h). 



eef 



The function I^ is a discretization of the convolution integral and by classical results, converges uniformly 



to VJ'g as /i — > 0. By Proposition 13. 6[ Wjj' is a viscosity supersolution of (|4.4p also in 
by Lemma IGTTI for any yAr+i e R, Ih{T,y,yN+i) is a supersolution of 

f A++5,F = L+Ii[y(T, -,2/^+1)] +a(T,2/)Ee6,.zP5(e,/i) 

+P-y+iyN+i~e) + X+T)ps{e,h) in IR+ > 

y(0,y) = onM^. 



pAf 



Then, 



pAf 



Using the stability result for viscosity solution of non-local equations, see [5], we conclude that VJ^^ is 



supersolution of (|6.2p in 



pW 



and hence also in M+ x R^+^. 



a 



6.1. Proof of Proposition [474l We first show that the functions V^^g and V g, defined in (|6.ip . are 
respectively super and subsolution of 



(6.3) 



K + 9rV^s = L + IiK^g{r, •, jyAT+i)] - W'{V^g + P-Y + A±r) 



in IR+ X M^+i 



V;±(0,y) = onM^+i, 

where Crj^g = ||Ty'||oo(2(5||iy'||oo/?7 + <5). Using (|5.2p and the properties of the mollifiers, we get 

^'i^^si^^ y^ VN+i) +P-y + VN+i + A±r) 



W^ (W^rf (■^j 2/' -2:) + p • y + z + X^T)pg (j/jv+i - z)rf^ 

< / W^'(F±(T,y,yw+i)+p-y + yw+i+A±r) 

- W(W^(T,y,z)-|-p-2/ + z + A^t)|p5(2/jv+i ~ z)dz 



< 



|W^ Hoc / U,;",(T,y,2/jv+i)-W^,*(T,y,z) 



+ IVN+i - z\ 



< \\w"\U 



< WW" 



< WW" 



< ww"\ 



\Wjj iT,y,r) - Wjj {T,y,z)\pg{yN+i - r)dr + \yN+i - z 
WW" 



yN + l-r\<5 V 

M^"lloo 



-\r - z\pg{yN+i - r)dr + \yN+i - z\ 



Ps{yN+i - z)dz 

PsiyN+i - z)dz 
pg{yN+i - z)dz 



\yN+i-z\<S 



V 



{\yN+i ~ z\ + 5) + \yN+i - z\ 



ps{yN+i - z)dz 



From this estimate and Lemma 16.21 we deduce that V^g and V g are respectively super and subsolution 
of dlS]). Now, we choose 5 = 5{ri) such that ||W^"||oo(2^||l^"||oo/f/ + (5) = o^(l) as t? -> and define 

l/±(r,r):=u5(,,)(r,r). 

Then the functions Vjr are the desired super and subcorrcctors. Indeed, we have already shown that they 
are super and subsolution of (|4.5p with Ai" and A~ satisfying (|4.6p . Properties (i) and (ii) of Proposition 
can be shown as in the proof of the proposition. Finally, (|4.7p . (j4.8p and (|4.9p easily follow from (|5.1I) . 
(|5.3p and the properties of the mollifiers. D 
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7. The Orowan's law 

In this section we want to prove (|1.9p in Theorem 11.31 In order to prove it, let us introduce the so 
called hull function. For p ^ and L G M, let w be the solution of (|1.6p without assuming the initial 
condition and let uir^y) = w{T,y) +py. Let h(x) be such that u{T,y) ~ h{\T +py). We see that h is 
formally a solution of 

(7.1) Xh' ^ \p\Ii[h] - W' (h) + L inM. 
Moreover, we also expect that h satisfies 

(7.2) \h{x) - a;| < C3 for any a: G R. 

As we have already pointed out in the introduction, we will not prove the existence of the hull function, 
we will just give an ansatz of it for small values of p and L. Precisely, let us fix po S R \ {0}, Lq G M and 
let p = Spo and L = SLq, where (5 is a small parameter. The main idea to prove (|1.9p is to approximate 
h, for such p and L, by the following ansatz 



(7.3) 



hix) 



LoS 



+ 00 r 

E 

i— — oo 



<5bo 



+00 



^ E ^ 



S\po\ 



where a = W"{Q) > (defined in (11.71) ) and the functions cj) and ip are respectively the solutions of the 
following problems 



(7.4) 



and 



(7.5) 



ll[0] = 


W'{cf>) 


lima;_>_ 


00 0(a^) = 


0'>O 




(U4'] 


= W"{cl>)^ 


■ l™.T^ + oo^(2;) = 




Lo 



VnUr 



W"{0) 



, (^(x) 



<^(0) 



{W"{^)~W"{0))+c(j)' 



Li^') 



Here and in what follows, Ii denotes the half-Laplacian in dimension 1, i.e., ^J.{dy) = dy / {Tr\y\'^) . On the 
function W, we assume (|1.7p . Then there exists a unique solution of (|7.4p which is of class C^'^ , as shown 
by Cabre and Sola-Morales in [3]. Under (|1.7p . the existence of a solution of class C^'^ of the problem 
(|7.5p is proved by Gonzales and Monneau in [52|. Actually, the regularity of W implies, that (f> G C^''^{M.) 
and i; G C3^'^(R), see Lemma 2.3 in [9]. 

We will show that the ansatz defined in (|7.3p satisfies, up to small errors, the equation (j7.ip with 
A = cqI^poI^^Oi where cq = (/]b(0')^)~^: ^^.d has the crgodic property (J7.2I) . This implies, by comparison, 
that H{6po,SLo) ^ co\6po\6Lo as (5 -> 0+, and then will show Theorem ll.3l 



7.1. Proof of Theorem [TTSl 

Suppose po 7^ 0. For L G M, (5 > and n G N we define the sequence {sf,^{x)}n by 

f X — i^ 



rv ""^^^ — ^ 



-^E^' 



where </> is a solution of (|7.4p and ■;/' is a solution of (|7.5p with Lq replaced by L. We consider the 
differential operator NLj^^ , defined on smooth functions as follows 

NL^^[h] = X^h' - d\pQ\Ii[h] + W'{h) - SL, 



where 

Then we have 



—L 



Xg = S coIpoI^- 
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Proposition 7.1. Assume (|1.7p . For any a; £ K i/iere exists the finite limit 

n— ^ + 00 



Moreover hg has the following properties: 
(i) /if e C2(M) and satisfies 

NLl^[h^]{x) = o{S), 

where lim5_i,o s^ = 0, uniformly for x E M. and locally uniformly in L E M; 
(ii) There exists a constant C > such that \hg{x) ^ x\ < C for any x G M. 

The proof of Proposition 17. H is postponed. 

Remark 7.2. From (ii) of Proposition FTTl we see that the function hg{x) goes to infinity like the power 
X. Then the integral I-j^'^[hg,x] = /, .^^{hg{x + y) — kg {x)) fi{dy) , r > 0, is not well defined in the sense 
of the Lesbegue integration. By I^'^[hg,x], we mean 

l!''-[hf,x]= hin / ih^ix + y)-h^ix)Udy), 

°^+°°Jr<|y|<a 

and this allows us to define NLjf [hg] in Proposition 17.11 This definition coincides with the standard 
Lesbegue integral for integrable functions. In what follows we will consider the function 

(7.6) w{T,y) ^hg{6poy + Xg t) - Spoy 
which belongs to Cb(M+ x M) and then for which if is well defined and 

Ii[wiT,-),y]= liiii / {w{T,y + z)-w{T,y))fi{dz) = 5\po\ll'''[hg,5pQy + XgT], 

with r = S\po\. 

Fix 77 > and let L ^ Lq — rj. By (i) of Proposition [731 there exists Sq = So{ri) > such that for any 
S G (0, So) we have 

(7.7) NL^Jhf]^NL^^[hf]^S,j<0 in R. 

Let us consider the function w{t, y), defined by (j7.6p . By (ii) of Proposition 17. II 

(7.8) \w{T,y)~XgT\<\C], 



then, w e Cb(M+ x M). Moreover, by ((777)) and ((7T8)) w satisfies 

Wr < Ii [w] -W'{W + Spny) + SLq in M+ x M 
w{0,y) < [C] onK. 

Let w{t, y) be the solution of (|1.6p with A^ = \. p = Spo, L = SLq and a = 0, whose existence is ensured 
by Theorem II. 11 then from the comparison principle and the periodicity of W, we deduce that 

w{T,y) < w{T,y) + [C]. 

By the previous inequality and (|7.8p . we get 

Xgr<wir,y) + 2\C^, 
and dividing by r and letting r go to +00, we finally obtain 

S^cq\pq\{Lo - 77) = Xg < H{Spa,SLo). 
Similarly, it is possible to show that 

H{Spo,SLa) < S'^co\pQ\{Lo + ri). 
We have proved that for any ?/ > there exists Sq — So{ri) > such that for any i5 G (0, Jq) we have 

HiSpo^SLo) 



Co bo I ^c 



< Co bob, 



6^ 
i.e. (|1.9p . as desired. D 
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7.2. Preliminary results. 

To prove Proposition 17. II we need several preliminary results. We first state the following two lemmas 
about the behavior of the functions (j) and if) at infinity. We denote by H{x) the Heaviside function 
defined by 

„, . fl forx>0 



for cc < 0. 



Then we have 



Lemma 7.3 (Behavior of (f). Assume (|1.7p . Let (p be the solution of (|7.4p . then there exist constants 
Kq , Ki > such that 



(7.9) 

and for any x G 

(7.10) 

(7.11) 

(7.12) 



(x) ~ H{x) + 



1 



K 



< -^, for \x\ > 1, 



0< 



K, 



A'l 



rf^^*'«^T 



"• <^"(x)< "^ 



1 + x^ 



< (f>"'ix) < 



l + a;2' 



l + x'2 ~ ^ ^ ~ 1 + a;2 ■ 

Lemma 7.4 (Behavior of ip). Assume (|1.7p . Let tjj be the solution of (|7.5p . i/ien /or any L G K t/iere 
exisi constants K2 and K^, with K^ > 0, depending on L such that 

K2 

<. — 

r2 



(7.13) 

and for any x G 

(7.14) 

(7.15) 



■0(x) 



< ^-, for \x\ > 1, 



1 + X^ 1 + X'' 



^3 ^ ii/f \ ^ ^3 



We postpone the proof of the two lemmas in the appendix (Section [8]) . 
For simplicity of notation we denote (for the rest of the paper) 



S\po\ ' 



Then we have the following five claims (whose proofs are also postponed in the appendix (Section [S])). 

t io G Z and 7 G (— ^, |] , t 

n -. +00 -. 



Claim 1: Let x = ip + 7, with i^ <^7L and 7 G (— ^, ^1 , then 

+00 



as n ^ +00, 



io-1 



+ CJO 



E7 ^^ -^ y^ T- ^ as n ^ +CXD, 



+ CXD 



V 1 : V ^ 



Claim 2: For any a; G K the sequence {sg„{x)}n converges as n ^ +00. 

Claim 3: The sequence {(s|'„)'}ri converges onM. as n ^- +00, uniformly on compact sets. 
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Claim 4: The sequence {(s5„)"}n converges on M. as n ^ +00, uniformly on compact sets. 
Claim 5: For any a; G M the sequences X]i=-n-^i['^' ^*] '^^'^ X)i=-n -^1 [''/': 2;^] converge as n ^- +00. 
In order to do the proof of Proposition 17. 11 we finally state and prove tlie following result: 

Lemma 7.5. —C5'^ < \min^+oo NLjf [sg^]{x) < Cd'^, where C is independent of x. 

Proof of Lemma 17.51 

Fix a; G M, let iq G Z and 7 G (— ^, ^] be such that x = Jq + 7, let ^t^ > 2 and n > \io\. Then we have 

NLl^[sfJ{x) 



t 



S\Pa\ t 



J2 W{x,) + Si;\x^)]- J2 [2:i[0,a;.]+<5Xi[V',a;.] 



z— — n 

LS 



w { — + Y. ['^(^») + '^^(^»)] - ^^ 



^5 ). 



6\po\ 



cj,'{x,,) + S^P'ix,,)+ Y, Wix,)+S^'ix,)] \ - J2 W'iq^ix,))-SIi[ij,x,, 



i^,o 



M,o 



L5 



6 ^Ii[V;,X,]+W^' — + J2 [H^^) + m^^)] ~W'{C^{X,,))-SL 



i9^io 



ScqL < 



0'(x,J + 6i}'{x^„) + Y ['^'(^■') + ^^'i^^)] 



,^ia 



> - w"{o) J2 <^(^-o - ^ J2 ^i[^'^*] 



%^ — n 



,^io 



sill 



Its " ~ 

[iP,x,,]+W"{<j)ix,„)) — + SiP{x,,)+ Y [^{x^) + 5iP{x,) 



SL 



'^'0 



J2 O(0(X,))' +0\—+ S^X,,) + Y ['t'i^^) + ^^i' 



i^io 



i*^Q 



ScoL \ Si''{x,,) + J2 W{x^) + Si>'{x,)] \ - W"{0) J2 '/'(^O - S Y 2^i[V',3:.] 



,^io 



i*^0 



i^iQ 



+ ^ 0(^(x,))' + O — + Si:{x,,) + Y [^(^^) + ^^Pi' 



,^io 



i^,0 
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n n n 



«^'0 



i^.O 



i^iO 



i^iO 



o 



L6 



n 



»^io 



Let us bound the second term of the last equaUty, uniformly in x. From (j7.10p and (j7.14p it follows 
that 

n ^ n n -. 

-5^\p^\^K^ ^ ^— -^ < ^ W{x{)+6^\x.)]<5^\p^\\K,^5K^) ^ ^— -^, 



»?^iO 



,^io 



.^iO 



and then by Claim 1 we get 

n 

(7.16) -C<53< lim ^ [(l)'{xi) + 5i^'{xi)] <C5'^. 

n— f+oo ^- — ^ 



'5^'0 



Here and henceforth, C denotes various positive constants independent of x. 
Now, let us prove that 



(7.17) 

By (|7.9p we have 

(7.18) 



Cd"" < lim {W"{c^{x,J) ~ W"m y 0(x,) < CS\ 



z^iO 



n ei I ''■i -I 

-^ ^ riTT ^ ^ T — 7 



.^io 



QfTT ^^ X — I 



n ^ 

<Ki5\of E 7 ^- 

.•^ (.T — l)^ 



i^iO 



If I7I > S\po\, then again from ([T^, |0(a;ij + ^| < Ki^^^ which implies that 

|M^"(0(x,J) - W"m < \W"'mix,,)\ + O(0(x,J)2 <C— + C-. 

n\ 1 



By the previous inequality, (|7.18l) and Claim 1 we deduce that 

n 

lim {W"{ci^{x,,,))-W"m yi{: 



n— )- + 00 



i^io 



<c(A + ^')(,l,l + ,^)<c^2 



where C is independent of 7. 

Finally, if I7I < 5\po\, from (|7.18p and Claim 1 we conclude that 



lim 



m {W"Wx,,))~W"mycj^ix,) 
+00 ^ — ^ 



i^.O 



<C<5|7| + C(52 <C(52, 



and (|7.17|) is proved. 

Now, let us consider SY^%-n Ii[i/j,Xi]. We have 

(7.19) Ii[V'] = W"i^)^p + -(VF"(0) - M^"(0)) + c(t)' = W"{0)tp + -W"'{0)^+ Oi^)ip + 0{4>f + c4>' . 

a a 
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Then by ((7l9| . ([7J)) . (fTTOl . ([713)) and Claim 1, we have 



lim (5 V" Ii[ip,Xi] 



n— ^+cjo 



^^iO 



(7.20) 
Similarly 

(7.21) 

Finally, still from (fTOl . (fTTS)) . and Claim 1 it follows that 

LS 



<CS\ 



lim W^"(0(a;,J),S ^^ Hx,) 



'^io 



<C5\ 



(7.22) 



lim V {(l){xi)Y + O — + 5^(x,J + y U(xO + (5V'(a;,) 



Therefore, from (fTTC)) . (|7T7|) . dT^Hl), (|7:^ and ([7:^ we conclude that 

-C5^< lim iVLj[sL]<C<52 

?l— f + OO 



<C(5^ 



with C independent of x and Lemma 17.51 is proved 



7.3. Proof of Proposition [TTlJ 

Step 1: proof of ii) 

Let a: = io + 7 with ig G Z and 7 G (— 5, 5] • Let n > \io\, then by (j7.9p and (j7.13|) we get 

sl'n(a^) - a; = h 0(a;jo) + (^VXa^io) -n--zo-7+ Y] [^(a^O + (5V'(a;i)] 

= \- Hxio) + Sip{x^^,) - 7 + y] [Hxi) + Stp{x^)] 

a ^ — ' 



a 2 
Then, by Claim 1 

Similarly we can prove that 
which concludes the proof of ii). 



<- + U<5iiv.iioo+E 



aTT J X — I (X — ly 



i^,0 



h^ [x) — X = lim s^ „(x) — X < C. 



/lf(x)-.T > -C, 



Step 2: proof of i) 

The function hg{x) = lim„_i,+oo s^„(a;) is well defined for any .t G M by Claim 2. Moreover, by Claim 3 
and 4 and classical analysis results, it is of class C^ on M with 



1 



(/i[)'(x) = lim {sfj{x) ^ \uj, —-Y, 



n— >+oo ~ "'"" ' ' n^+00 S\po\ .^— 



X-l\ . . ,, ( x-i 

- OIJJ ' 



L \ii. 



(h^rix) = hm (siJ'ix) =. lim 



n— f+oo 



n-!-+oo (5^|j*oP 



E 



\S\Po\ 



\S\Po 



Si'" 



S\Po\ 



and the convergence of {s|'„}„, {(s|'„)'}„ and {(s^„)"}„ is uniform on compact sets. 
Let us show that for any a; G M 
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(7.23) Ii[h^,x]^ lim Ii[si^,x]. 

n^' + oo 

First, we prove that 

(7.24) n[h^,x]= lim Il[sl„,x]. 

Fix X G M, we know that for any y G [— 1, 1], y 7^ 

By the uniform convergence of the sequence {(sfn)"}™ we have 

I4.„(a^ + y) - 4,„(2^) - (4,„)'(a;)2/| ^ , i ,„ , 



as n — > +CX). 



< sup (s^.„)"(z) < C, 

ze[x-l,x+l] 



where C is indipendent of n, and (|7.24p foUows from the dominate convergence Theorem. 
Then, to prove (J7.23D it suffices to show that 

l![h^,x]= hm I![sf^r^,x]. 

From Claim 5 and (|7.24p . we know that for any a; G M there exists lim„^+oo2'^[s|'„, a^]- For a > 1, we 
have 



^1 i^S.n^x] — / [, 

Jl<\v\<a 



sini^ + y) ^ ^inix)Mdy) 



[sini^ + y) - sinix)Mdy)- 



y\>a 



By the uniform convergence of {sfj^}n on compact sets 



lim 

"^+°ojl<|y|<a 

then there exists the limit 

Let us show that 

(7.25) 



'^sAx + y)-ssA^)Mdy) 



[h^{x + y)-hf{x)Mdy), 



l<\y\<a 



lim 

n— >+oo 



lim lim 



sL(a^ + y) - ss,nix)Mdy)- 



y\>a 



a-^+OQ n— >+oo 



4n{x + y) - 4.n{xMdy) = 0- 



y\>a 



We first remark that if z > n, by (|7.9p and (|7.13p we have 
If) " 



and 






a 

%——n 

LS ^ 

< h n. + 1 + > 

~ a /-^ 






aw J z — I [z — ly 



6K2 : - (Ai + bK-i)- — 

an ) z — I [z — ly 



By Claim 1, the quantities X]"=-n jzi ^^^ 'Y^=-n (z-i)'^ ^"^^ uniformly bounded on R by a constant 
independent of n. Hence, we get 

(7.26) n-C<sf'n(^) <" + C' ifz>n. 

The same argument shows that 



(7.27) -n-C <s\,X'A<-n\C \i z < -n. 
Moreover, by the computations of Claim 7 

(7.28) -C <s\^{z)-z<C if|z|<n. 
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Let iQ e Z be the closest integer to x, let us assume n > \io\ + 1 + a > \io\ + 1. We have 



|y|>a ^a<|y|<n— 1 — [zo| 



i-Hdy) + / [-Hdy). 

-l-|'o|<|y|<n+l + |io| J\y\>n+l + \io\ 



If \y\<n-l- \io\, then \x + y\ < n and by (fr28)) 

a<\y\<n-l-\io\ 



and 

Then 

(7.29) 



(y + 2C)fiidy) 

a<.\y\<7i—l~\io\ 

2C 

2C^iidy) < —, 

a<|!/|<?i— 1— liol ^ 



2C 



[4ni^ + y) - 4ni^)Mdy) > 



lim lim 

a— >-+oo n— ^+oo 



[4,ni^ + y) - s^„(a;)]Ai(<iy) = 0. 



a< |y I <n— 1— |io 



Next, since |s|'„(z)| < Cn for any z e M, we have 



(7.30) 



\4nix + y) - 4nix)Mdy) 



n-l-\io\<\y\<n+l+\io\ 

< Cn I ii{dy) = C .''^*!?.*?".^^,.. ^0 as 71 ^ +oo. 



n — 1 — I io I < I y I < '>'i'-\- 1 + 1 io I 



n2-(|zo| + l)2 



Finally, if y > n + 1 + |Jo|i then x + y > n, li y < —n — 1 — |io|, then x + y < —n. Hence, using (j7.26p 
and (|7.27p . we obtain 

[4,ni'-^ + y) -sinix)]Kdy) 

\y\>n+l + \to\ 

[S5;„(a^ + y)- 4ni^)Mdy) + f [sL.(a^ + y) - sf;„(a^)]M(rf2/) 

i/>n+l + |iol -'■y<-n-l-|in| 

< / [n + C - 5i„(x)]/i(dy) + / [^n + C~ sl„{x)Mdy) 

Jy>n+l + \io\ Jy<-n-l-\io\ 



[C - sini^)Mdy), 



y\>n+l + \io\ 



and 



/ [4nix + y) - si^{x)]fi{dy) > f [-C - sfjx)Hdy). 

J\y\>n+l+\io\ -J \y\>n+l+\io\ 



We deduce that 



lim 

n— >--|-oo 



'<s,n{x + y)~sl,,{x)Mdy)^0. 



' \y\>n+l + [io\ 

Hence, by the previous limit, (|7.29p and (|7.30p . we derive (|7.25p . 
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Then, we finally get 



lim I^[ss x]^ lim lim X^ [s^ a;] 



= lim lim / [ss,n{x + y) ~ Ss,n{x)]^i(dy) 

+ lim lim / [s^ {x + y) - s's {x)]^i{dy) 

= lim / [/i|'(x + y)-/i|'(x)]/i(dy) 

^Iflh^x], 

as desired. 

Now we can conclude the proof of (i). Indeed, by Claim 2, Claim 3 and (j7.23p . for any x £ 

iVLy[/if,.T]= hin NI^^[sl^,x], 



and Lemma 17.51 implies that 

where lim^^o ^^ = 0, uniformly for a; G M. □ 



A^L^*[/i^,a;] =o(<5), as 5 ^ 0, 



8. Appendix 

In this appendix, we prove the following technical results used in the previous section: Lemmata 17.31 
and 17.41 and the Claims 1-5. 

8.1. Proof of Lemma [773l Properties ((7^ and (fTTU)) are proved in f^ . 

Let us show (|7.1ip . 

For a > 0, we denote by (p'aix) = 4>' (f ). Remark that (j)'^ is a solution of 

Ii[</)1] = V"(0J01 inR. 

Since </>" is bounded and of class C^'^, Ii[(f)"] is well defined and by deriving twice the equation in 
(|7.4p we see that 0" is a solution of 

X,[ct>"]=W"{<jy)<^" + W"'{^){<j,'f. 

Let (/) = (/)" — C(/)^, with C > 0, then satisfies 

IiM - W"{<M = C(p', (w"{^) - \w"{4>a)\ + M/"'(0)(0')' 



c^:.(i^"(^)-V'(0.))+o(^), 



as |a;| ^> +00, by (|7.10p . Fix a > and i? > such that 

/ M^"W - iW^"(</'a) > iW^"(0) > onM\[-i?,i?]; 
^^^ \iy"(0)>O, onR\[-i?,i?]. 

Then from (|7.10p . for C large enough we get 

iS] - VK"(0)0 > on R \ [-i?, i?]. 

Choosing C such that moreover 

^<0 on[-i?,i?], 

we can ensure that < on R. Indeed, assume by contradiction that there exists xq G R \ [— i?, B\ such 
that 

(\){xq) = sup0 > 0. 
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Then 

Ii[0,a;o]<O; 

Ii[0,a;o]-W^"(<^(a;o))(/)(a;o)>O; 
W"((/)(xo)) > 0, 
from which 

Hxo) < 0, 
a contradiction. Therefore (/) < on M and then, by renaming the constants, from (|7.10p we get </>" < j^^- 
To prove that 0" > — jx^j we look at the infimum of the function cj)" + C(j)'a to get similarly that 
</>" + C(t)'a > on M. 

To show (j7.12p we proceed as in the proof of (|7.1ip . Indeed, the function cf)'" which is bounded and of 
class C^'^, satisfies 

li[0"'] = W"{(j))^"' + 3W"'{(j))(f>'(j)" + W'^{(f>){(j)'f = W"{^)(j)"' + o ^ ^ 



1 + x 

as \x\ — !> +CXD, by (jT.lOp and (|7.1ip . Then, as before, for C and a large enough (j)'" — C0J, < and 
+ C^;, > on R, which implies ((71^ . □ 



A'" 



8.2. Proof of Lemma [7711 Let us prove ((71^ . 

For a > we denote by (j)a{x) = (j) (f ), which is solution of 

Ii[(l)a] = -W'{(j)a) inM. 
a 

Let a and b be positive numbers, then making a Taylor expansion of the derivatives of W, we get 

Il[^ - (0a - 0b)] = W^"(0)V + -{W"{cf>) - W"{0)) + C<j>' + (lw'{(f,b) ~ -W'{cf>a) 

a \o a 

= w"m4> - {<Pa ~ <ph)) + w'ima - 06) + -{w"{^) - w"m 

a 
\b a 

= M^"(0)(V - (0a - 0b)) + M^"(O)(0a - 06) + -W^"'(O)0 + C0' 

a 

+ W"{0) ^06 - ^^a) + {<t>a - 0b)O(0) + 0(0)2 + O(0,)2 + 0{M\ 

and then the function ijj = -ijj ~ {(pa ~ 06) satisfies 

XiM - W"{cj))i^ = a(0, - 06) + -W^"'(O)0 + c0' + a ("^06 - ^0.) 

a \b a J 

+ {cPa - 06)0(0) + O(0)2 + O(0a)2 + O(0fc)2. 



We want to estimate the right-hand side of the last equality. By Lemma FTSl for |a;| > max{l, |a|, |6|} we 
have 

L 



a(0a-06) + -W^"'(O)0>- — 

a TTX 



(a - fe) + ^W"'iO) 






^^^fa^ + b' + \lA\w'"m 



o? 



Choose a, 6 > such that (a - 6) + ^M^"'(0) = 0, then 

a(0a-06) + -M/"'(O)0>-^, 

for |a:| > max{l, |a|, |6|}. Here and in what follows, as usual C denotes various positive constants. From 
Lemma 17.31 we also derive that 

•l~ 1^\. C 

T06 (, 

a 

C 



" ( 706 ~ ":0a ) 2' 



C0'> 



1 + x'^ 
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and 

(^a - 06)O(^) + 0Q>? + 0{4>af + 0{4>bf > -T^, 

1 + X^ 

for |x| > max{l, |a|, \b\}. Then we conclude that there exists R> such that for |.t| > i? we have 

C 



ii[V']-w^"(0)^>-- 

Now, let us consider the function (p'^ix) — 0' (^), d > 0, which is solution of 

a 
and denote 

with C > 0. Then, for \x\ > i? we have 

r' r* — ~ / 1 \ r' 



iiM > w^"(^)V' - ^vt^"(0<i)0:i - Y^^ = w'"(^)^ + ^'^^ (^"('^) - ^^"('^'^)) 



1 + a;2 

Let us choose d > Q and R2 > R such that 

M^"(0) - iM/"(</)d) > iW^"(0) > on M \ [-i?2, i?2]; 
W^"(0)>O onM\[-i?2,i?2], 

then from (|7.10l) , for C large enough we get 

lS]~W"{<f>)^>0 onM\[-i?2,i?2], 
and 

^<0 on [-i?2,i?2]. 
As in the proof of Lemma 17.31 we deduce that 1/' < on M and then 

V- < — + -^ for |a;| > 1, 

for some K2 £ IR and K3 > 0. 

Looking at the function ^ — (0q, — 0(,) + Ccj)'^^, we conclude similarly that 

V'> — -^ for|x|>l, 

and (|7.13p is proved. 

Now let us turn to (|7.14p . By deriving the first equation in (|7.5p . we see that the function t// which is 
bounded and of class C"^'^ , is a solution of 

Xi [,/,'] = 1^"(0)V;' + W"'{(j))(l)'ip + -W"'{(l))(f>' + c(j)" in M. 

a 

Then the function t/j = 7/;' — C^'^j, satisfies 

IS'] - W"{(^g = C<P', (W'icjy) - -W"{^S\ + Ty"'(</>)0V + -M^"'(0)0' + c0" 

V a / a 



C0i(h^"(^)-V'(^.))+o(^), 



by (|7.10|) . (|7.1ip and (|7.13p . and as in the proof of Lemma FTSl we deduce that for C and a large enough 
■0 < on M. which implies that 0' < Y+f^- The inequality f/;' > — jjify is obtained similarly by proving 
that 'i> + C(/)^ > on R. 
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Finally, with the same proof as before, using (j7.10p - (|7.14p . we can prove the estimate (|7.15p for the 
function ■0" which is a bounded C^'^ solution of 

Ii[i^"] = VF"((/))^" + 2W^"'((/))0V + W^^i(t>){^'fi; + W"'{<i))c^"i; + -W'"'-^'^^" 

a 

+ -W'''{cP){c^'f+c<f>"' 
a 

W"{(j))i;" + 0' ^ 



l + x^ 



8.3. Proof of Claims 1-5. 

Proof of Claim 1. 

We have for n > |zo| 

^ — A i ^ — ^ i ^ — A 1 ^ — A 1 ^ — A i 

■^-^ X — i ^-^ in + J — i ^-^ io + 7 ^ i i + 7 ^-^ 4 — 7 

1=-" i— — n i—iQ-\-l i — 1 i—l 

Z^i=l i2_^2 Z^i=n+io+l i-7' ii '0 -^ O 

Let us prove the second limit of the claim. 

io-l 1 n+io 

as n — > +00. 



n 



- as n — > +CXO. 



^ (x - i)2 ^(i + 7)2 ^(i + 7) 

i— — n ^ ' i—l ' 2—1 ^ ' 



Finally 



as n --> +00, 



n , n— Jo , +00 -. 

,ir+i (^ - *)' " tt (* - ^)' ^ it ~^) 

and the claim is proved. 

By Claim 1 E'^=;" ^> Y.7J-„ (J^ and E"=io+i (J^ ^re Cauchy sequences and then for k > 
m > |io| we have 

— 7n — 1 _. k ^ 

(8.2) E :+ E :->0 asm, fc^+cx), 

i^ — k 2— rn+1 

— m — 1 _. 

(8.3) > — — 5- as m, fc — > +00, 

^-^ [X — i)^ 

i=-k ^ ' 

and 

fc ^ 

(8.4) > -T7 ^- as m, fc — > +00. 

i=m+l ^ ' 

Proof of Claim 2. 

We show that {s^„(x)}„ is a Cauchy sequence. Fix x G M and let io G Z be the closest integer to x such 
that X = io + 7, with 76 (^5: 5] and |a; — i| > ^ for i ^ {q. Let (5 be so small that jt-!— r > 2, then 
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\x—i 



jr—j > 1 for 2 7^ zq. Let k > m> |io|, using (|7.9p and f|7.13p we get 

— m— 1 k 

i— — k z— m+1 

—ni — 1 k 

= ^ Mx,) - 1) + Siix,)] + ^ [0(a;O + JV(a:^)] 



i^m-\-l 



< - — - 5K2) 5\po\ Y. : + (/vi + 5K^)5^\p^? Y. 1 ^ 



aTT 



z— — A: 
A; 



i^ — k 
k 



±-5K2)5\pa\ Y -^ + iKi+5K3)S'\p,\' Y r^' 

i=m+l ^ ' 



i— T??.+ l 



and 



Then from 



as desired. 



:^{x)~st^{x)>^(—~SK,)5\po\i Y ^-+ Y ^-] 

^ ^ \ i=-k i=m + l / 

, (j8.4p . wc conclude that 

|sife(a^) - si,«(a^)l ^0 as ■m,k ^ +00, 



Proof of Claim 3. 

To prove the uniform convergence, it suffices to show that {(sf'„)'(ic)}„ is a Cauchy sequence uniformly 
on compact sets. Let us consider a bounded interval [a,b] and let x € [a, 6]. For j^ > 2 and k > m> 
1/2 + max{|a|, |6|}, by ((7?TU| and ((Till) we have 

^ — ?n— 1 _, A; 



S\po\ 



i^ — k 



<{Ki+SK3)5\po\ 
<{Ki+5K3)6\po\ 



-T71— 1 ^ /e _, 

^ (x - z)2 ^ (x - z)^ 

— rn — 1 ^ A; _, 

i=-/c ^ ' i=m+l ^ ' 



and 



(4,fc)'(^)-(4J'(^)>-A"3<5^bo| 
Then by dHj]) and ^Mi 



— m— 1 ^ A; ^ 



_ i— — k 



^ ' i=m+l ^ ' 



sup |(4,/c)'W-(sim)'(-^)l ^0 asfc,m^+oo, 

Ee[a,b] 



and Claim 3 is proved. 



Proof of Claim 4. 

Claim 4 can be proved like Claim 3. Indeed 



(^t)"(^) = TT^ E r(^.) + '5V'"(2:.)] 



(J^Ipo 
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and using (|7.1ip and (|7.15p . it is easy to show that {(s|'„)"}„ is a Cauchy sequence uniformly on compact 
sets. 



Proof of Claim 5. 

We have 

Let a; = io + 7 with 7 e 



1 1 

'2' 2 



I^[(f,] ^ W'{(l)) ^ W'{<f)) = W"{0)(f> + O{(f>f. 
] , and fc > m > \io\. From dZJH), (|H2]), dHS]) and ([H31) we get 
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as m^k — )• -hoc, for some constant C > 0, and 
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as 77Z, A: ^ +00. Then X^^^-^^ii*?^, ^i] is a Cauchy sequence, i.e. it converges. 
Let us consider now EL-n^iIV'^^i]- % ((TH]), (US)), (TTnlj) and ^A^ we get 
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for some C G M and C > 0, which ensures the convergence of X]"=-n^i[V'j2;i]. 
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